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ABSTRACT
This thesis deals with part of ASHRAE Research Project No. 685-RP: Test and 
Analysis Methods for Resolving Fan/Motor Vibration Problems in Air-Conditioning 
Units. The objective o f the ASHRAE Research Project No. 685-RP: Test and Analysis 
M ethods for Resolving Fan/M otor Vibration Problems in Air-Conditioning Units, is to 
develop the basic analytical models and experimental procedures that can be used to find 
the vibration modes associated with fan impeller, m otor and motor mount in air- 
conditioning units that are excited by fan impeller unbalance, taking into account the 
gyroscopic effect of the rotating fan impeller.
Two air-conditioning units were investigated in the project. They were designated 
as test units #1 and #2. For the test unit #1 and test unit #2, the vibration problems 
associated with fan impeller, motor and motor mount system that are excited by fan 
impeller unbalance taking into account the gyroscopic effect of the rotating fan impeller 
were investigated. It was proved, both theoretically and experimentally, that the 
gyroscopic effect o f the rotating fan impeller did have significant effect on the forward 
vibration modes o f the system. The classical approach and energy approaches were used 
in the three dimensional lumped parameter model development, in which the gyroscopic 
effect of rotating fan impeller was included. In the classical approach, the gyroscopic 
effect o f the rotating fan impeller gave an additional damping matrix. In the energy 
approaches, additional terms were added to the stiffness matrix due to the gyroscopic 
effect of the rotating fan impeller. All these additional terms, either in the damping matrix
or in the stiffness matrix, represent the modal coupling between the motions in the two 
different planes. The model from classical approach and the model from energy approach 
gave very good predictions about the forward rocking mode, which is the most important 
vibration mode in this work.
Both non-rotating and rotating tests were conducted in this work. The non-rotating 
tests were used to measure the vibration modes associated with fan impeller, m otor and 
motor mount system and to identify the parameters used in the analytical models. The 
rotating tests were used to measure the vibration mode shifting due to the gyroscopic 
effect o f the rotating fan impeller and to locate the resonance speeds corresponding to 
both the forward and backward rocking modes. The results from analytical models agreed 
very well with the experimental results both for the non-rotating and rotating tests.
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NOMENCLATURE
f = The resonance frequency o f the swaying mode in the x direction, Hz. 
f = The resonance frequency o f the swaying mode in the y direction, Hz. 
f = The resonance frequency o f the translational mode in the z direction, Hz. 
f  = The resonance frequency o f the rocking mode in the xz plane, Hz. 
f  = The resonance frequency o f the rocking mode in the yz plane, Hz.
F  = The force measured from the load cell, N.
F = The force between the tip and the impact surface, N. 
a = The acceleration, g. 
g = The acceleration o f gravity, g = 9.81 m/s2.
E'f = The voltage of the load cell of the impact hammer, Volt.
E = The voltage o f the accelerometer, Volt.
S r = The sensitivity of the load cell of the impact hammer, mV/N.
S = The sensitivity o f the accelerometer, mV/g.
H(f) = The true frequency response of the calibration system, m/Ns2.
H'(f) = The measured frequency response of the calibration system, m/Ns2.
C (f) = The calibration factor for the testing instrument, 
m = The mass used to do calibration, Kg. 
m = The mass of the test object in the tri-filar pendulum, Kg.
R = The distance from the center o f the tri-filar pendulum to each o f the wires, mm.
L = The length of the wires of the tri-filar pendulum, mm. 
x = The period of the tri-filar pendulum, second.
I = The mass moment of inertia o f the test object in the tri-filar pendulum, Kg-m2.
I ! = The mass moment of inertia of the platform in the tri-filar pendulum, Kg-m2.
Kx = The equivalent stiffness of the unit in the x direction, N/m.
Ky = The equivalent stiffness o f the unit in the y direction, N/m.
K = The equivalent stiffness of the top of the unit in the z direction, N/m.
Kflx = The equivalent rocking stiffness of the top of the unit in the xz plane, N-m/rad.
Key = The equivalent rocking stiffness of the top o f the unit in the yz plane, N-m/rad.
Mx = The equivalent mass of the unit in the x direction, Kg.
My = The equivalent mass of the unit in the y direction, Kg.
= The equivalent mass of the top of the unit in the z direction, Kg.
Ix = The equivalent mass moment o f inertia of the top o f the unit in the xz plane, Kg-m2. 
I = The equivalent mass moment o f inertia of the top of the unit in the yz plane, Kg-m2. 
M 3 = The mass of the motor, Kg.
M4 = The mass of the fan impeller/circular disk, Kg.
M.( = The added mass in motor and circular disk test and motor and fan test,
xii
Ma = M ,+  M4, Kg.
Mb = The added mass in the one mass test, Kg.
I3 = The mass moment of inertia o f the motor about the axis which is through the mass 
center and perpendicular to its rotating axis, Kg-m2.
I = The mass moment of inertia of the fan impeller/circular disk about one of its 
diameter which is perpendicular to its rotating axis, Kg-m2.
Ib = The mass moment of inertia of the added mass in one mass test, Kg-m2.
I = The mass moment o f inertia of the fan impeller/circular disk through its rotating axis, 
Kg-m2.
I , .=  The added mass moment of inertia in motor and circular disk test and motor
a d d
and test, I.idd = I, + I4 + M 3L32 + M4L42, Kg-m2.
I , , = The mass moment of inertia, I , . = I , , +  I. +1. + M,L 2+ M .L 2 Kg-m2.
t x(y)  ’ t x(y)  x(y)  3 4  3 3 4  4  ’ ®
L3 = The distance from the mass center o f the motor to the top, mm.
L4 = The distance from the mass center of the fan impeller/the circular disk to the top, 
mm.
Lb = The distance from the mass center of the added mass to the top, mm. 
x, y, z = The displacement in the x, y, and z directions, mm.
0x = The rocking displacement in the xz plane, rad.
0y = The rocking displacement in the yz plane, rad.
x3, x4, y3, y4 = The displacement o f the mass centers of the motor and fan impeller/ 
circular disk in the x and y directions respectively, mm.
V = The potential energy of the system, N-m.
T = The kinetic energy of the system, N-m.
to = The whirling speed of the fan impeller/circular disk, rad/sec.
Q  = The rotating speed of the motor rotor and fan impeller/circular disk, RPM.
Tx and Ty= The gyroscopic moments of the rotating fan impeller, N-m.
\[/ = The angle between z axis and the deflected shaft axis, degree, 
r = The position vector o f the mass centers of motor and fan impeller, mm. 
f ,, cox| = The resonance frequency of the swaying mode in the x direction of the frame 
only test or the one mass test, Hz. 
fx2, 0)x2= The resonance frequency of the swaying mode in the x direction of the motor 
and circular disk test or the motor and fan test, Hz. 
f0xl, co0x] = The resonance frequency of the rocking mode in the xz plane of the frame only 
test or the one mass test, Hz. 
f0x2, (0Bx2 = The resonance frequency of the rocking mode in the xz plane o f the motor and 
circular disk test or the motor and fan test, Hz. 
f j, coy| = The resonance frequency of the swaying mode in the y direction of the frame 
only test or the one mass test, Hz. 
f ,, coy2= The resonance frequency of the swaying mode in the y direction of the motor 
and circular disk test or the motor and fan test, Hz. 
f0yl, coBy| = The resonance frequency of the rocking mode in the yz plane of the frame only 
test or the one mass test, Hz. 
lBy2, (0By2 = The resonance frequency of the rocking mode in the xz plane o f the motor and
circular disk test or the motor and fan test, Hz. 
f = The resonance frequency of the translational mode in the z direction o f the frame 
only test, Hz.
f =  The resonance frequency of the translational mode in the z direction of the motor 
and circular disk test or the motor and fan test, Hz.
D = The static deflection in the x direction, mm.
X
F = The force in the x direction, N.
X
D = The static deflection in the y direction, mm.y J
F = The force in the y direction, N.
y J
a, , b t , cj and a2 , b , , c2 = The coefficients of the eigenvalue equations.
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CHAPTER 1
INTRODUCTION
Because o f frequent reports of propeller fan failures in air conditioning units, heat 
pumps, and similar heating, ventilating and air conditioning equipment, a symposium on 
propeller fan vibration was held at the 1973 ASHRAE Annual Meeting in Louisville [1]. 
As a result o f this activity, ASHRAE Standard Project Committee 87. IP  was formed. In 
1980, ASHRAE funded Research Project No. 266 - Propeller Fan Dynamics. The reports 
and ASHRAE papers that were published as a result o f this project formed the technical 
bases for ASHRAE Standard 87.1 - 1983: Method of Testing Dynamic Characteristics of 
Propeller Fan - Aerodynamically Excited Fan Vibrations and Critical Speeds [2-4],
Users of ASHRAE Standard 87.1 identified the fact that the procedures outlined 
in the standard for determining fan resonance frequencies and corresponding critical fan 
speeds did not accurately take into account the effects o f centrifugal blade stiffening. This 
turned out to be an important factor when transforming from the resonance frequencies 
determined from static, non-rotating fan tests to the corresponding critical speeds that 
were anticipated to exist when the fan was rotating.
In 1985, ASHRAE funded Research Project No. 477 - Development o f a Method 
to Predict Vibration Response o f Propeller Fans under Actual Operation Conditions. The 
reports and papers that resulted from this project provided the technical bases for revi­
2sions in ASHRAE Standard 87.1 - 1983 which more accurately incorporated the effects 
of centrifugal blade stiffening when converting from measured fan resonance frequencies 
to corresponding fan critical speeds [5-8].
The results of ASHRAE Research Projects Nos. 266 and 477 and ASHRAE Stan­
dard 87.1 cover propeller fan vibration that is associated only with fan impeller vibration 
caused by aerodynamic forces acting on the impeller. Experience has shown that fan fail­
ures occur as a result of vibration modes associated with the interaction between the fan 
impeller and the fan motor and the motor structural support system. Several o f these vi­
bration modes were identified in a Seminar on Fan Vibration at the 1986 ASHRAE An­
nual M eeting in Ottawa. These modes are associated with fan unbalance, aerodynamic 
forces, m otor torque pulsations, and blade flutter. In general, these modes can not be 
identified using the test and analysis procedures outlined in ASHRAE Standard 87.1. 
Also, to properly identify these vibration modes, it is usually necessary to analyze the fan 
assembly. The assembly usually consists o f fan impeller, motor, and m otor mount struc­
ture.
In response to developing information and forming a new ASHRAE Standard 
relative to the vibration modes described above, ASHRAE has issued a new Research 
Project No. 685-RP - Test and Analysis Methods for Resolving Fan/M otor Vibration 
Problems in Air-Conditioning Units. The objectives of this research work are:
(1) Develop and perfect the experimental procedures that can be used to measure 
and quantify the vibration modes associated with the fan impeller, motor and motor 
mount o f small (< 36 in diameter fan impeller) direct-drive propeller fans that are excited 
by fan impeller unbalance, taking into account the gyroscopic effect of the rotating fan 
impeller.
(2) Develop the basic analytical models that can be used to predict the vibration 
modes described in (1), especially the gyroscopic effect of the rotating fan impeller on the 
system.
3(3) Provide reports and papers that can be used as the technical basis o f the new 
ASHRAE Standard.
Two air-conditioning units were investigated in this project. They were designated 
as test units #1 and #2.
In these test units, the vibration problems associated with fan impeller, m otor and 
m otor mount that were excited by fan impeller unbalance taking into account the gyro­
scopic effect of the rotating fan impeller were investigated. It was proved, both theoreti­
cally and experimentally, that the gyroscopic effect of the rotating fan impeller did have 
significant effect on the vibration modes of the systems. Chapter 2 through Chapter 6 in 
this thesis summarized these investigations. Both theoretical models and experimental ef­
forts were included.
CHAPTER 2
THE TEST PROCEDURES
2.1 The investigated air conditioning units
Two air conditioning units were investigated in the first phase o f this project. 
They were designated as test unit #1 and test unit #2.
Figure 2-1 shows the schematic of the test unit #1. The top of the unit is a radially 
louvered discharge grille supporting the fan motor. The side panels are louvered sheet 
metal that covers the condenser coil. The total mass o f the unit, including the top, is 78.05 
Kg. The mass of the top is 10.48 Kg. Because the compressor was not present in this unit, 
23.58 Kg of additional mass was added to the bottom of the unit to compensate for the 
mass of the compressor.
Figure 2-2 shows the schematic of the test unit #2. The structure of the top of the 
unit is the same as test unit #1. A wire grille is used to protect the condenser coil. The 
total mass of the unit, including the top and compressor, is 85.60 Kg. The mass o f the top 
is 5.35 Kg.
Following vibration modes of interest for the test units, as shown in Figure 2-3, 
were investigated in this first phase.
Swaying modes: There are two swaying modes: f in the x direction and f in the
x y
y direction. Figure 2-3 shows the swaying mode in the x direction, f . It is the mode in 
which the top, motor, fan impeller and the part of side panels vibrate relative to the base
4
5in the x direction. The swaying mode in the y direction, f , is the mode in which the top, 
motor, fan impeller, and part o f the side panels vibrate relative to the base in the y 
direction.
Rocking modes: There are two rocking modes: f0xin the xz planes and f()yin the yz 
plane. Figure 2-3 shows the rocking mode in the xz plane, f  . This is the mode in which 
the part o f the top, motor and fan impeller rock relative to the side panel in the xz plane. 
It is same for f „ .
Gy
Translational mode: There is one mode in the z direction, f . This is the mode in
’  7.
which the part o f the top, motor and fan impeller vibrates up and down in the z direction.
The indicated points on both units are the points at which mobility measurements 
were made. Points 1, 2, 3 and 4 are at the edges of the tops o f both units. Point 1', 2'(2"), 
3' and 4' on test unit #1 are at the middle o f its each side panel. Mobility measurements 
made at these points were used to identify the swaying modes in the x and y directions. 
Points 5, 6, 7, 8 and 9 are located on the tops o f each unit. M obility measurements made 
at these points were used to identify the rocking modes in the xz and yz planes and also 
the translational mode in the z direction.
Figure 2-1 The schematic of test unit #1 and measurement points
6D.
Figure 2-2: The schematic of test unit #2 and measurement points
f x
Figure 2-3: The major modes of interest in the test units #1 and #2
72.2 Instrumentation and calibration
One o f the objectives o f this project is to develop experimental procedures that 
can be used to measure and quantify the vibration modes associated with the fan impeller, 
motor, and motor mount. A summary of the test equipment and procedures used for the 
tests on unit #1 and unit #2 is presented. The following equipment was used in the tests.
- A PC-based 486 portable computer.
- A pair of W avePak boards — two channel FFT analyzer.
- 086C20 Impulse Force Hammer.
- 303M07 Accelerometer.
- 480D06 Power Unit.
- Oscillator, Signal Generator
- Cables, Force Gauge and Dial Indicator.
Figure 2-4 shows a layout of the instrumentation used in the tests. To obtain 
accurate and reliable results, the instrumentation was properly calibrated before a series 
o f tests. The calibration procedure is described in details in ISO Standard 7626-2:1990. 
Here, a short review of this procedure for the calibration of the accelerometer, impact 
hammer and the FFT analyzer is presented.
There are two types o f calibration. One is to calibrate only the impact hammer
PCB 086CPO HammerC a b l e s
PCB 303M0/ 
A c c e l e r o n e  t e r
PCB 480D06 P o w e r  Unit
48 6 P o r t a b l e  C o m p u t e r  with CS1 W a v e P a k  B o a r d s
Figure 2-4: The layout of the instrumentation used in the tests
8I n t o r c h a n q o b l o  l o a d  Col l  
M a s s  //
M a s s
A c c e l a r o r n a t o r
Figure 2-5: The schematic o f the calibration system
used in the tests. The other is to calibrate the measurement system. Only the second 
calibration method was used. To do this, an inertia block of known mass was used and 
the whole system was calibrated by measuring the accelerance of the mass.
The mass was suspended as a pendulum from two long strings, as shown in Figure 
2-5. The purpose for this setup was to ensure that the system resonance frequency was 
very low. The accelerometer was mounted on one end of the mass. The other end was 
impacted with the impact hammer. The following procedures were used to obtain the 
accelerance calibration factor, C (f)- If the impact force applied by impact hammer is 
through the mass center, the force is given by:
F — ma (2-1)
The true frequency response of the system is:
= -  F m
(2 -2 )
The measured force, F', which is the force acting on the force transducer o f the impact 
hammer, is different from the force, F, transmitted to the system. Thus, the measured
voltage ratio is:
= (2-3)
c /
where E'f and En are the measured voltages from the force transducer in the impact 
hammer and from the accelerometer. H'(f) is a function of the sensitivities of the sensors. 
The relationship between the frequency response H(f) and the voltage ratio H ’(f) is:
H '( f )cxn ( 2 ' 4 )
where C (f) is the accelerance calibration factor o f the measurement system. It is defined 
as:
c „ ( f )  = j L (2-5)
where Sf and S.t are the sensitivities of the force transducer and the accelerometer. From 
equation (2-4), this accelerance calibration factor can be calculated as:
^ , , 3  S a E uC ( f )  — —  = ---------- = m -----
" S f  H ( f ) E /
A 303M 07 and a 302A accelerometers, 086C20 impact hammer, and two channel 
FFT analyzer were calibrated using the above procedures. Table 1 gives the calibration 
factors o f the given accelerometers, hammer and FFT analyzer. The hammer tip used in
the calibration and the test was the medium tip (red). The mass used in the calibration
was m = 18.32 Kg.
Table 1: The calibration factors of Accelerometers, Impact Hammer and FFT Analyzer
A c c e l e r o m e t e r s H'(f)=E./E'f Ca(f)=mH'(f)
3 0 3 M 0 7 0.301 5 . 5 0
3 0 2  A 0 . 5 7 0 1 0 . 4 0
Co
he
re
nc
e 
V
ol
ts
/V
ol
t
10
T rans fe r  F unc t ion  o f  Force  Input and  A cce le ra t ion
10.0
10 100
Frequency (Hz)
Coherence o f Force Input and Acceleration
1.2
1.0
0.8
0.6
0.4
0.2
0.0
10 100
Frequency (Hz)
Figure 2-6: The calibration accelerance for 302A accelerometer and 086C20 impact 
hammer
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Figure 2-6 is a typical calibration curve for 302A accelerometer, 086C20 impact 
hammer. The direct readout was the measured voltage ratio, H'(f) = E./E 'f. To obtain an 
uniform calibration factor in the frequency range of interest, the data from the flat portion 
of the calibration curve were used to calculated the average H'(f) in this range. The 
frequency range used in the calculation of calibration factors was from 10 Hz to 100 Hz. 
The values o f H'(f) given in Table 1 are these average values.
2.3 Tri-filar pendulum
A tri-filar pendulum was used to measure the mass moment of inertia of fan 
impellers, circular disk and motors. Figure 2-7 shows the layout of the tri-filar pendulum.
The objects to be measured is suspended by three wires with the same length, 'L'. 
The three wires are spaced equally with radius, R, and the angles between wires are 120 
degree. If the period, x, of torsional oscillation o f the test object about the vertical axis C- 
C passing through the center of gravity is measured, the mass moment o f inertia of the 
object can be calculated using the following equation:
_ m(lgR-x-  
4nL "
(2-7)
Figure 2-7: The principle of tri-filar pendulum
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Table 2: The measured mass, mass center and mass moment o f inertia
Nam e M ass M ass Center
Axial Mass 
M om ent o f Inertia
Transverse M ass 
M om ent o f Inertia
Unit Kg m K g-m 2 K g-m 2
C ircular D isk 1.52 0.140 0.0394 0.0207
U#1 60843301 
Fan 1.43 0.140 0.0376 0.0206
U#1 60799501 
Fan
1.45 0.140 0.0378 0.0205
U#1 1/3 HP 
M otor
7.44 0.064 0.0234 0.0188
U#1 1/4 HP 
M otor
5.90 0.059 0.0173 0.0138
U#2 IRA025A 
Fan
0.98 0.133 0.0192 0.0106
U#2 203020-A  
Fan 0.98 0.133 0.0193 0.0108
U#2 203020-B 
Fan 0.98 0.133 0.0193 0.0108
U#2 203020-C 
Fan 0.97 0.133 0.0192 0.0108
U#2 203020-D  
Fan
0.97 0.133 0.0192 0.0108
U#2 203020-E 
Fan
0.97 0.133 0.0192 0.0107
U#2 203020-F 
Fan 0.97 0.133 0.0192 0.0107
U#2 M otor 4.63 0.056 0.0133 0.00985
Added M ass 3.95 0.0335 N/A 0.00518
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where, I is the mass moment o f inertia o f the test object, m is the mass of the test
e c  J  ’ o
object, g is the gravitational acceleration, R is the distance from the center of the 
pendulum to each of the wires, L is the length o f wires, x is the period of oscillation o f the 
pendulum  and Ip| is the mass moment of inertia of the platform on which the measured 
objects are placed.
Table 2 gives the measured mass moment of inertia for the fan impellers and the 
motors used in the tests. In Table 2, fan impellers 203020-A and B have Projected W idth 
Difference (PW D) of 6.35 mm and unbalance of 0.0 g-mm; fan impellers 203020-C and 
D have PW D of 0.0 mm and unbalance of 0.0 g-mm; fan impellers 203020-E has PWD 
of 0.0 mm and unbalance of 93.6 g-mm; fan impeller 203020-F has PW D of 0.0 mm and 
unbalance o f 187.2 g-mm.
2.4 Test setups
The following static tests were conducted to experimentally identify the vibration 
modes o f interest and to estimate the parameters in the analytical models,.
(1) Fram e only test. This test was conducted with both the m otor and the fan 
impeller removed, as shown in Figure 2-8.
(2a) M otor and circular disk test. This test was conducted with the motor and a
f,
Figure 2-8: The schematic of frame only test
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circular disk, which had the same mass and mass moment o f inertia as the fan impeller, 
attached to the top of the unit, as shown in Figure 2-9. The circular disk was used instead 
o f the fan impeller to eliminate the dynamic and aerodynamic effects associated with the 
flexibility o f the fan impeller on the system.
(2b) M otor and fan test. This test was conducted with the motor and fan impeller 
attached to the top o f the unit, as shown in Figure 2-10. Because the lowest vibration 
modes o f the fan impeller are usually greater than 30-40 Hz and the modes of interest in 
the test units are less that 30 Hz, it is practical to directly use the fan impeller both in 
static and dynamic tests.
(3) One mass test. This test was conducted with both the motor and the fan
F,
Figure 2-9: The schematic of motor and circular disk test
f,
 r.
Figure 2-10: The schematic of motor and fan test
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Figure 2-11: The schematic of one mass test
impeller removed, but an additional mass was attached to the top o f the unit, as shown in 
Figure 2-11. The mass used in the tests was a lead brick o f dimension 4" x 4" x 2" with 
blank hole of 3.5" diam eter and 1.15" depth at the center o f the brick to fit the top o f the 
test unit. The physical parameters of the mass are: M b = 3.95 Kg, Ih= 0.00518 Kg-m 2 and 
L. = 0.0335 m.n
For test unit #1, the fram e only test and the motor and circular disk test were 
conducted to identify the parameters used in the analytical model. The one mass test was 
abandoned because it did not give clear information about the two swaying modes.
For test unit #2, the fram e only test, one mass test and the motor and fan test 
were used. The additional one mass test was needed because the frame only test did not 
give clear information about the two rocking modes.
2.5 Test procedures
To accurately identify the vibration modes of interest on the air conditioning units 
shown in Figures 2-1 and 2-2, two things were considered: (1) the location where the 
accelerometer is mounted and (2) the point at which the impact force is applied. It was 
decided not to use any locations inside the unit since such locations might be inaccessible 
in some unit designs or in a field test. Figures 2-12 and 2-13 showed a detailed layout of
16
all the points at which the accelerometer was attached and at which the impact force was 
applied for the test units #1  and # 2 .
Power
Cable
4 - n o t o r  f i xed  b o l t s
Figure 2-12: The points for mounting the accelerometer and applying the impact force 
for test unit #1  (not for scale)
2 M
Figure 2-13 The points for mounting the accelerometer and applying the impact force 
for test unit # 2  (not for scale)
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2.5.1 The swaying mode in the x direction, f
Test unit #1:
Location of accelerometer: Test results indicated the best location to mount the 
accelerometer for measuring the swaying modes in the x and y directions for test unit #1 
was at point 9 (Figures 2-1 and 2-12). Figure 2-14 showed how the accelerometer was 
mounted at point 9 in the x direction for the different tests. An angle, with dimension 
0.75" x 0.75" x 0.86" and thickness 0.125", was glued to the top o f the unit. The 
accelerometer was mounted on the angle in the x direction as close as possible to where 
the m otor was attached to the top of the unit. The purpose of this was to eliminate or 
minimize the presence of the rocking modes in the xz and yz planes and the translational 
mode in the z direction when the swaying modes were measured.
Location of impact: Referring to Figures 2-1 and 2-12, the impact force was 
applied to either point 1 or point 3.
Discussion: When an impact force was applied to point 1 or point 3, in addition to 
the swaying mode in the x direction being excited, the modes of the side panels were also 
excited. The excitation of the side panel modes made it very difficult to identify the 
swaying mode. To solve this problem, the panel modes which were excited were
A c c e l e r o m e t e r
Fes c t
■i.'jr7-r777
M otor
Figure 2-14: The location for accelerometer fixed in the x direction
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measured. This was accomplished by applying an impact force at the points 1', 2', 3' and 
4' in the middle of each panel. The accelerometer was mounted at point 9 as indicated in 
Figure 2-14. Next, all the screws that attached the top and side panels together were 
loosened to eliminate the panel modes when an impact force was applied at point 1 or 
point 3. W hen this was done, the swaying mode was the only prominent mode that was 
excited. Because the boundary conditions of the system were changed by loosening the 
screws, the swaying mode that was measured occurred at a different frequency as 
compared to when the screws were tightened. However, this yielded information relative 
to the frequency range of the swaying mode. This was very helpful in distinguishing the 
swaying mode from the panel modes.
Test unit #2: Both location of accelerometer and location o f impact were the 
same as the test unit #1. It was not necessary to measure the swaying mode in the x 
direction by loosening the screws because there were no side panel modes for unit # 2 .
Figure 2-15 is a typical mobility plot of the swaying mode in the x direction, f , of 
test unit #1 with 1/4 HP motor and circular disk. Figure 2-16 is a typical mobility plot of 
the loosened-screw swaying mode in the x direction of test unit #1 with 1/4 HP m otor and 
circular disk.
2.5.2 The swaying mode in the y direction, fy
Test unit #1:
Location of accelerometer: The location for mounting the accelerometer for 
measuring the swaying mode in the y direction was also at point 9. The only change in 
Figure 2-14 was that the angle and accelerometer was fixed in y direction.
Location of impact: Referring to Figures 2-1 and 2-13, the impact force was 
applied to either point 2 or point 4.
Discussion: When an impact force was applied to point 2 or point 4, both the 
swaying and the panel modes were excited. The side panel modes were identified using
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Figure 2-15: The mobility of the swaying mode in the x direction, fx, of test unit #1 on 
case with 1/4 HP motor and circular disk, f = 18.10 HzX
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Figure 2-16: The mobility of the swaying mode in the x direction, fx, o f test unit #1 on 
case with 1/4 HP motor and circular disk and loosened-screw, f = 18.60 Hz
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Figure 2-17: The mobility of the swaying mode in the y direction, fy, of test unit #1 on
case with 1/4 HP motor and circular disk, f = 17.80 Hz
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the same procedures that were used for the x direction.
Test unit #2: Both location of accelerom eter and location o f im pact were the 
same as for test unit #1. It was not necessary to measure the swaying mode in the y 
direction by loosening screws because there were no side panel modes for unit # 2 .
Figure 2-17 is a typical mobility plot of the swaying mode in the y direction, f , of 
test unit #1 with 1/4 HP motor and circular disk.
2.5.3 The translational mode in z direction, f
7 7.
Test unit #1:
Location o f accelerometer: The top of the unit can be visualized as a beam with 
its ends simply supported, as shown in Figure 2-18. The translational mode, f  , 
corresponds to the first vibration mode of the beam. Thus, the best location for mounting 
the accelerom eter was at point 9 in the z direction. In this case, the accelerometer was 
mounted directly to the top of the unit in the z direction.
Location o f impact: To prevent the excitation of the rocking modes in the xz and 
yz planes, the impact point should be at the center of the beam shown in Figure 2-18. 
Thus, the best impact point for f was at point 9. W hen the accelerometer was mounted 
and impact force was applied properly, the translational mode in the z direction, f , was 
the only prominent peak in the mobility measurement.
Test unit #2: Both location of accelerom eter and location o f im pact were the
S i m p l y  S u p p o r t e d  B e a m
F i r s t  Mode
Figure 2-18: The beam model for the top with two ends simply supported
23
same as the test unit # 1.
Figure 2-19 is a typical mobility plot of the translational mode in the z direction, f 
, of test unit #1 with 1/4 HP motor and circular disk.
2.5.4 The rocking mode in the xz plane, fflx
Test unit #1:
Location of accelerometer: As discussed in Section 2.5.3, the top of the unit can 
be visualized as a beam with two ends simply supported, as shown in Figure 2-18. The 
rocking mode, f0x, in the xz plane (and the rocking mode, f  , in the yz plane which will be 
discussed in Section 2.5.5) corresponds to the second vibration mode of the beam. 
Because o f symmetry, the best location for mounting the accelerometer was at a point 
near the bolts which were used to attach the motor to the top of the unit. For the rocking 
mode in the xz plane, f , the best location for mounting the accelerometer was point 5 or 
point 7 in the z direction, as shown in Figure 2-12.
Location o f impact: For the reasons similar to those discussed above, the best 
impact point was also at point 5 or point 7. When the accelerometer was mounted at point 
5, the impact force was applied at point 7, or vice versa.
Discussion: When the accelerometer was mounted at point 5 and the impact force 
applied at point 7 (or vice versa), not only the rocking mode in the xz plane, f0x, was 
excited, but also the translational mode, fz, in the z direction was excited. Sometimes, the 
rocking mode in the yz plane, f0y, was excited too. However, the peaks at both f and f 
were less prominent than that at f0x. Comparing the results with those in Sections 2.5.3 
and 2.5.5, f0xwas easily identified.
Test unit #2: Both location of accelerometer and location of impact were the 
same as the test unit # 1.
Figure 2-20 was a typical mobility plot of the rocking mode in the xz plane, f( , of 
test unit #1 with 1/4 HP m otor and circular disk.
24
2.5.5 The rocking mode in the yz plane, ffly
Test unit #1: This mode was very similar to f0x. All the discussions about f  were 
applicable to f .
Test unit #2: Both location of accelerometer and location of im pact were the 
same as the test unit # 1.
Figure 2-21 was a typical mobility plot of the rocking mode in the yz plane, f  , of 
test unit #1 with 1/4 HP motor and circular disk.
2.6 The discussion
Two things are very important relative to experimentally identifying the modes of 
interests: (a) the location where the accelerometer was mounted and (b) the point at which 
the impact force was applied, as discussed in Section 2.5. There are also some other 
m inor issues which must be considered when conducting the tests.
(1) The method o f the accelerometer fixing. The accelerometer was fixed by using 
petro wax from the accelerometer manufacturer. In this work, 080A24 petro wax from 
PCB was used.
(2) The location of the accelerometer. For identifying the rocking modes in the xz 
and yz planes, points 5, 6 , 7 and 8 were the locations where the accelerom eter was 
mounted, as shown in Figures 2-12 and 2-13. In this test, the position of, for example, 
point 5 was carefully adjusted to obtain the optimum position at which only the rocking 
mode in the xz plane, f0x, was measured or its peak was dominant in the measurement. 
The same procedure was true for points 6 , 7 and 8 . For identifying the swaying modes in 
the x and y directions, the discussion in Section 2.5.1 should be followed. For identifying 
translational mode in the z direction, the accelerometer was fixed at the center o f motor 
mount.
(3) The impact force. For identifying the rocking modes in the xz and yz planes,
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Figure 2-19: The mobility of the translational mode in the z direction, f , o f test
unit #1 on case with 1/4 HP motor and circular disk, f = 15.00 Hz
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the impact forces were applied to points 5, 6 , 7 and 8 . In test unit #1, these points were 
selected near the bolts which were used to attach the motor to the top o f the unit. The 
points for applying the impact force should be located away from the bolts far enough to 
ensure the impact force was applied directly on the top. In test unit #2, the impact force 
was directly applied to the selected points. For identifying the swaying modes in the x and 
y directions, the impact force must be applied to the edge of the top o f the unit, not to the 
side panel, at the selected points. For identifying translational mode in the z direction, a 
small steel bar (D = 0.5", L = 5") was used to ensure the impact force applied to the top of 
the unit was close enough to the point 9 where the accelerometer was fixed because of 
limited space at this point 9. For all these cases, the impact force must be perpendicularly 
applied to the impact surfaces.
(4) The side panel modes. For the test units which have sheets metal side panels 
like test unit # 1, the side panel vibration modes can be excited and superimposed on the 
swaying mode measurements. Thus, the side panel modes must be measured separately. 
To measure the side panel modes, the accelerometer was fixed at the center o f each side 
panel, i.e. points 1', 2', 3' and 4' as shown in Figure 2-1. The impact force were applied to 
both the points 1', 2', 3' and 4' and the points 1, 2, 3 and 4 to ensure that the correct side 
panel modes were measured and identified.
(5) Test setups. In the four different test setups discussed in Section 2.4, the motor 
and fan test should be conducted first, then, the frame only test. If any vibration modes of 
interest are not clear identified in the frame only test, the one mass test should be 
conducted. The m otor and circular disk test is an optional test. It can be used to validate 
the test results from the m otor and fan test.
(6 ) After conducting any two different test setups, the two-degree-ol-freedom 
parameter estimating m ethod discussed in Section 4-3 should be first used to estimate the 
system equivalent parameters. If the two-degree-of-freedom parameter estimating method 
does not work because the non-linear characteristics of the tested unit, the static stiffness
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measurement as discussed in Section 4-2 should to be conducted. Then, the one-degree- 
of-freedom  parameter estimating methods discussed in Sections 4-1 and 4-2 are used to 
obtain system equivalent parameters.
CHAPTER 3
ANALYTICAL MODELS
The vibration modes associated with the fan impeller, motor, and m otor mount 
that are excited by fan impeller unbalance were investigated in two stages. The first stage 
was to develop the test procedures for making mobility measurements on the unit and for 
identifying all the modes of interest. The second stage was to develop a lumped parameter 
model for calculating the resonance frequencies associated with each mode. The test 
procedures were presented in Chapter 2. The development of the lumped parameter 
model and the corresponding equations of motion are discussed in this Chapter.
Following are basic assumptions that were made in the model development.
(1) When the fan impeller and motor is non-rotating, the motions in the xz and yz 
planes are both dynamically and statically uncoupled, and the motion in the z direction is 
both dynamically and statically uncoupled with other motions in the xz and yz planes.
(2) Comparing with the rocking stiffness of the top of the units, the bending 
stiffness of the m otor rotor and shaft is significant larger. The bending deflection of the 
m otor rotor and shaft is neglected.
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Figure 3-1: The three dimensional model with fan impeller not rotating
3.1 Three dimensional analytical model for non-rotating test
The units shown in Figures 2-1 and 2-2 are continuous systems which are 
impractical to model exactly. For simplicity, a lumped parameter model was used to 
approximate the continuous systems. For the motor and fan impeller not rotating, the 
lumped param eter model is shown in Figure 3-1.
In this three dimensional model, M x and M represent the mass o f the top of the 
unit and the equivalent mass from the unit frame in the x and y directions, respectively. 
The stiffness o f the frame in the x and y directions are represented by Kx and Kv, 
respectively. Similarly, Ix and I are the effective mass moments o f inertia and K0x and K0 
are the effective rocking stiffness o f the top of the unit in the xz and yz planes, 
respectively. Note that M x is not necessarily the same as M y because the test units are not 
exactly symmetrical. The same applies to Kx, Ky, Ix, I , Kx and Ky. Mz is the effective mass 
and K, is the effective stiffness of the central part of the top of the unit in the z direction.
M asses and M4 in Figure 3-1 are the masses of the motor and the circular disk/
3 2
or fan impeller, respectively. I4 and I4 are the mass moments o f inertia o f the motor and 
circular disk/or fan impeller, respectively, along the axis which is perpendicular to the 
rotation axis and through their mass centers.
3.1.1 The equations of motion
The velocity components of the mass centers of fan impeller and the motor 
associated with rocking motions in the xz and yz planes and the translational motions in 
the x, y and z directions are:
V 3 ,  =  L f i x + x
v3 = LjQy + y (3-1)
V 4 ,  =  L 4 0  v +  *
v4, = V  +  > ’ (3-2)
The potential energy o f the system is:
(3-3)
The kinetic energy of the system is:
(3-4)
where:
3 3
I lx = / 3 +  I 4 + M 3Ls + A/ 4 L4" +  /  v 
/,v = / ,  + / 4 + L3" +  A/ 4 L4" +  /  v
ml  = JV/3L3 + M 4 L4 
mK =  A/., 4- A/ 4 +  A/t 
m v = A/-, + M 4 +  M  y 
mz = A/j + A/ 4 +  A/,
(3-5)
There is no external force on the system. Thus, the virtual work of the system is 
equal to zero:
5W = 0 (3-6)
The equations of motion of the system are derived using Lagrange equation as following.
In the x direction:
In the 0 direction:
In the y direction:
= 0
dt dx dx dx 
m vx  + mlQ t +  K xx  = 0
dt 30 t 30 t 30 v 
//.I® v + mix + K(hQ v = 0
L f r - t L + w . o
dt 3y  3y  3y  
m vy + mlQ v + K yy = 0
(3-7)
(3-8)
(3-9)
In the 0 direction:y
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d  , d T  N dT  dV  .
 (—r - ) --------+  = 0
dt  30 v 30 Y 30 v 
/ ,ve v + /W/3? + ^ Ov0 v = o
(3-10)
z direction:
dt dz, dz. dz 
m'z + K,z. = 0
(3-11)
In the matrix form, equations (3-7) through (3-11) are expressed as:
M * M k ] { x }  = {0 }
where:
(3-12)
m =
Mv+M,+M4 M ^ + M ^  
M ^+ M 4k  /,,
0
0
0
0
0
0
0  0  0
0 0 0
m>.+m ,+ m4 m ^ + m ^  0
I(v 0
0 o h +m 4+m4
(3-13)
[*] =
Kx 0 0 0 0
0 Kg, 0 0 0
0 0 K> 0 0
0 0 0 K* 0
0 0 0 0 K,
(3-14)
3 5
{*}=
9 r
(3-15)
W  =
x
0 ,
y
d >
z.
(3-16)
3.1.2 Discussion
The equations o f motion indicate the motion in the z direction is uncoupled from 
the motions in other directions. The motions in the xz plane are uncoupled from the 
motions in the yz plane. The coupled motions are the swaying motion in the x direction 
with the rocking motion in the xz plane and the swaying motion in the y direction with 
the rocking motion in the yz plane.
3.2 Analytical models including the gyroscopic effect o f rotating 
fan impeller, model 1 - classical approach
W hen the fan impeller is rotating at speed, Q, because o f the flexibility o f the top 
of the unit, the rocking motions o f the fan impeller in the xz and yz planes will induce a 
whirling motion of the fan impeller about the non-rotating axis, or called spin axis. This 
whirling motion o f the fan impeller will cause additional inertial moments acting on the 
system. These additional inertial moments are called gyroscopic moments. The 
phenomenon is called gyroscopic effect of the rotating fan impeller. In the classical
3 6
approach discussed here, these gyroscopic moments caused by the fan impeller whirling 
are treated as the external moments. W hen the Lagrange equation is used to derive the 
equations of motion of the system, the virtual work of the these moments is considered.
W hen the fan impeller has the whirling motion about the spin axis, the rotation of 
the fan impeller, £2 , and the rocking motion in the xz (or yz) plane together form the 
gyroscopic moment, as shown in Figure 3-2. This gyroscopic moment follows the right- 
hand rule and has the magnitude of:
From Figure 3-2, the motion in the xz plane induces the gyroscopic moment about the x 
axis. This moment causes a motion in the yz plane, which, in turn, induces the gyroscopic 
m oment about the y axis and so on. Thus, the gyroscopic effect of the rotating fan 
impeller will cause the motions in the xz and yz planes to become coupled. As a result of 
this coupling, the rocking motions, which for a non-rotating fan impeller occur 
independently in the two different planes, are now coupled by a whirling motion about 
spin axis in the xy plane.
To evaluate the effect of this whirling motion on the system, a simple two-degree- 
of-freedom disk and rigid massless shaft system is discussed first. Then, it will be 
expanded to real system shown in Figure 3-1.
3.2.1 The gyroscopic moments
(3-17)
0
Spin
A x i s
Figure 3-2 The gyroscopic moment
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3.2.2 The simple two-degree-of-freedom disk 
and rigid massless shaft system
As shown in Figure 3-3, the disk and rigid massless shaft system is pivoted at one 
end of the shaft and the disk is at the other end of the shaft. The motions o f the system are 
restrained by two rocking springs, K0x and K0y, in the xz and yz planes. The coordinates of 
the motion are 0  and 0  .
x y
The velocity components of the mass center of the disk are:
(3-18)
The kinetic energy o f the system is:
T = - / 4(0.t2 + 0 v2) + - M 4[(L40 J 2 + (L 40 v) 2] (3-19)
The potential energy of the system is:
(3-20)
z
0
X
0
Figure 3-3 The disk and rigid massless system including the gyroscopic effect o f the 
rotating disk - classical approach
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The virtual work of the external moments is:
SW = TX8Q , + r v80 v (3-21)
According to d'Alembert's principle, the inertial moments can be represented by 
the static moments with negative sign. Thus, the moments, T x and Ty, in equation (3-21) 
are expressed as:
r t = - [ / „ Q ( - e , ) ]  = / ^ 0 ,
Tr = -7„Q 0  v (3' 22)
Thus, the virtual work o f the external moments is:
8M/ = /„ Q 0 ,5 0 v - / „ Q 0 v5 e ,
= < 2 ,50 ,+ < 2 ,50 ,
<2, = - I aSlQy (3-23)
<2, = / , ^ 0 ,
The equations of motion of the system are derived using Lagrange equation as 
following.
In the 0 direction:
d  dT  3 7  | 3V
dt 3 0 , 3 0 , + 3 0 ,
( / 4 +  M 4L42) 0 1 + /„ Q 0 v + 7fOt0 l = 0
(3-24)
In the 0 direction:y
d  3 7  3 7  | 3K
dt 30 v 3 0 , +  30 v v
( I ,  + M AL / ) Q y - I aQ Q x + K0yQ y = 0
(3-25)
In the matrix form, equations (3-24) and (3-25) are expressed as:
[«]{©}+[C]{©} + [/r]{e} = {o} (3-26)
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where:
[ M ]  =
74 +  M 4L4' 0
0 / 4 +  m 4l 4- (3-27)
[C}  =
[ K ]  =
0 I „Q
-7 „ fi 0
X 0 "
0 1
(3-28)
(3-29)
(3-30)
{©}=
I0 ..
I0 ,
K
l e ..
(3-31)
(3-32)
As discussion in Section 3.2.1, the gyroscopic moments of the rotating disk 
couple the motions in the two orthogonal directions into a coupled motion. The coupling 
term in the equations o f motion involves the velocities. This coupling term is skew 
symmetric, which means that it is of opposite sign in the two equations. Thus, real 
eigenvalues are assured.
3.2.3 The five-degree-of-freedom fan impeller, 
motor and motor mount system
When deriving the equations o f motion of the fan impeller, motor and motor 
mount system, as shown in Figures 3-1 and 3-4, the difference with the disk and shaft 
system is that the kinetic energy of the motor and equivalent system and the potential 
energy of the equivalent system must be considered. Following the procedures discussed
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in Sections 3.1 and 3.2.2, the equations of motion o f the fan impeller, motor and motor 
mount system can be obtained.
The velocity components of the mass centers of the fan impeller and the motor
are:
v3v =  L30  t + x
V 3 x  =  v +  y (3-33)
v4v = LAQy + y  
v4z = z
(3-34)
The kinetic energy of the motor is:
t , = ^ 4  m ,,,;  + ^ m ,v, 2 /  + 4 /,e  / (3-35)
z z
X
X
□ n
Figure 3-4 The fan impeller, motor and motor mount system including the gyroscopic 
effect of the rotating fan impeller - classical approach
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or,
where:
The kinetic energy of the fan impeller is:
T , - 5 A W  4 « , » „ ! + ^ / 40 /  + ^ / 4e ,=  (3-36)
The kinetic energy of the motor mount system is:
+ ! / , * , »  + | / , 4 , ! (3-37)
The total kinetic energy of the fan impeller, motor and m otor mount system is:
T = T4 +T^ + Tt (3-38)
m  1 . 7  1 . 7  1 . 7 1 . 3 7
T = - m xx + ~ m yy  + - m zz ‘ + - 1ttQ x~
1 - 7  ■ ■ (3-39)
+  - / ,.ve v "  + m l(xQ x + yQx)
A, = / 3 +  A, +  M 3L32 + M 4L42 + 7 t 
/„, = 73 +  74 + M 3L3~ + M  4L4 + 7V 
ml  = M 3L3 + M 4L4 
m t = M 3 + M 4 + M ( 
m y = A73 + A74 + M v 
mz = M^ + M 4 + M z
The potential energy of the fan impeller, motor and m otor mount system is:
V 4 * ’*' +5 * ^ * '  4 * * ® ' ’ (3-41)
The virtual work of the external moments is the same as given in equation (3-23):
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8 W =  /„£20,80 v - / „ £ 2 0  v8 0 ,
= G v5 0 , + Gv80 v 
G, = - / n£20,. (3-42)
Qy = /,Q 0t
The equations o f motion of the fan impeller, motor and motor mount system are 
derived using Lagrange equation as following.
In the x direction:
In the 0 direction:
In the y direction:
In the 0 direction:y
d  , d T , dT  dV n
—  (— ) ------- + —  = 0
dt dx dx dx
m ,x  + ml6  , + K, x  = 0
d  dT  d T  | dV
dt 30 , 30 ( + 3 0 , '
/a® v + mix + / „£20  v + KexQ ,  = 0
m0
dt dy dy dy
m y + mlQ + K vy = 0
s L i H L ) - * t- + ^ L  = q
dt 30 v 30 v 30 v '
/  0 + m l y - I ilQ Q x + ffOv0 v = 0
(3-43)
(3-44)
(3-45)
(3-46)
In the z direction:
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T<^ >-T+^  = °at az oz az 
m 'z  + K,z  = 0
(3-47)
In the matrix form, equations (3-43), (3-44), (3-45), (3-46) and (3-47) are expressed as:
[M ]{ x }  + [C ]{ x } + [ /:]{ * }  = {0} (3-48)
where, by substituting the relationships given in equation (3-40):
'Mr+M,+M4 M ^ + M ^
m a + m4l,  /,,
0 0
0  0
0  0
0 0
0  0
A^.+M,+M4 M & + M &
0
0
0
0
0
/kf+A^+M,
(3-49)
[C]  =
0 0 0 0 0
0 0 0 7UQ 0
0 0 0 0 0
0 - I „ Q 0 0 0
0 0 0 0 0
(3-50)
[*] =
0 0 0 0
0 Ka, 0 0 0
0 0 0 0
0 0 0 * * 0
0 0 0 0 K,
(3-51)
Equation (3-48) has the identical format with equation (3-26). The gyroscopic 
effect of the rotating fan impeller couple the motions in the xz and yz planes. The 
coupling terms in the equations of motion involves the velocities. These are skew 
symmetric, which means real eigenvalues are assured.
3.3 Analytical models including the gyroscopic effect of rotating  
fan impeller, model 2 - energy approach
In the classical approach discussed in Section 3.2, the effect of the whirling 
motion of the rotating fan impeller was considered as external moments. When deriving 
equations of motion of the system, the virtual work o f these external moments was
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included in the system equations.
An alternative energy approach is discussed in this section. Instead o f considering 
the virtual work o f the external moments, the kinetic energy associated with the whirling 
motion o f the rotating fan impeller is directly used in deriving o f the system equations.
3.3.1 The angle relationship
To consider the kinetic energy associated with the whirling motion o f the rotating
fan impeller, an angle, tj/, is used, which is the angle between the spin axis (z axis) and
the rotational axis (OA) of the fan impeller, as shown in Figure 3-5. The relationships 
between OA, OB, OC and OD are:
OC  =  OAcos(V)/) = 0B cos(0  f) =  <9Dcos(9 v) (3-55)
or,
OC = r cos(\|/) = r 'cos(0 r ) = r" cos(0 ,.) (3-56)
In the problem discussed here, t|/, 0x and 0y are assumed to be small angles, which gives:
cos(\\i) = cos(0 , )  = cos(0 v) = 1 (3-57)
and,
z
Figure 3-5 The angle relationship between \|/, 9x and 0y
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sin(\|/) = \|/ 
sin(0  t ) ~ 0  r 
sin(0 v) = 0  v
Thus, the following relationship between r, r' and r" is obtained:
/ • '=  /-" =  r
Also, the relationship between CA, CB and CD is
(3-58)
(3-59)
CA2 = CB2 + C D 2
( rs in ( \ | / ) ) 2 =  (/-'sin(0  t ) ) 2 + (r"s in (0  v) ) 2 ^  ^
or,
sin21)/ = sin20 ( + s in 20 v (3-61)
By using equation (3-58), equation (3-61) is reduced to:
V)/2 = 0 v2 + 0 v2 (3-62)
Equation (3-62) gives the non-linear relationship between v|/, 0x and 0y. It can be changed
and expanded to the following form:
M /= [ ( 0 ,+ 0 v) 2 - 2  0 x0 vp
e v9  v (3-63)
= (0 v + 9  v) - e , + e v
The second term and other higher order terms in equation (3-63) will result in the non­
linear vibration problems. Analyzing the changes of \|/, 0x and 0yin Figure 3-4 shows that, 
when cot = 0° and 180°, 0y = 0.0 and V)/ = 0x, when cot = 90° and 270°, 0x = 0.0 and \|/ = 0y. 
This means that the second term and other higher order terms in equation (3-63) become 
zero four times in one whirling cycle. Considering the small angle assumptions, these 
terms behave as the disturbances superimposed on the main term (0x + 0 ). To avoid 
solving non-linear vibrations, these disturbances are neglected and the following linear
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relationship between V)/, 0 x and 0 y is assumed:
v = e , + 0 . v (3-64)
3.3.2 The simple two-degree-of-freedom disk 
and rigid massless shaft system
Similar to the discussion in Section 3.2, to evaluate the kinetic energy associated 
with the whirling motion of the fan impeller, a simple two-degree-of-freedom disk and 
rigid massless shaft system is discussed first. Then, it will be expanded to real system 
shown in Figure 3-1.
To represent the whirling motion o f the rotating disk about the spin axis, the 
whirling speed, (0 , is used as shown in Figure 3-6, in which the whirling speed is in the 
same direction with the rotating speed. If the system is released from an initial deflection, 
for example, 0 x in the xz plane, the resulting angular velocity as the system springs back
Figure 3-6: The disk and rigid massless system including the gyroscopic effect of the 
rotating disk - energy approach
z
X
0
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induces a gyroscopic moment about the x axis. This moment causes the motion in the yz 
plane, which, in turn, induces a gyroscopic moment about the y axis and so on. Thus, the 
whirling motion of the rotating disk is a precession motion. The whirling vector is not 
parallel to the spin axis. It lies between the spin and rotating axes. Because the angle 
between spin axis and rotating axis, V|/, is small angle, it is reasonable to assume that the 
whirling vector, co, is parallel to the spin axis as shown in Figure 3-5.
To evaluate the kinetic energy associated with the whirling motion of the rotating 
disk, there are two ways to resolve the whirling vector, co, and rotating vector, Q. One 
way is to resolve them along the rotating axis, which is the OA axis in Figure 3-5. The 
other is to resolve them along the spin axis, which is z axis in Figure 3-5. In this section, 
the first way is discussed. The second way will be discussed in the next section.
The translational velocity components of the mass center o f the disk associated 
with the rocking motions in the 0x and 0y directions are same as equation (3-18):
The kinetic energy o f the system associated with the rocking motions in the 0x and 
0  directions is:
The translational velocity of the mass center of the disk associated with whirling 
motion is:
The rotational velocities parallel and perpendicular to the rotation axis are:
Q. + to cost)/
to sinvj/ (3-68)
The kinetic energy of the system associated with the whirling motions o f the
(3-65)
y
7’r = - / 4 ( e Jt2 + 0 }2) + - M 4[(L4e J[) 2 +  (L4e v) 2] (3-66)
v(l, = L4 sinvj/co (3-67)
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rotating disk is:
1 , 1 , 1  Ta = - M 4 (L4 sinv|/co) + — / 4 (co sinxj/)" + - / a (Q  + © co s\|/)‘ (3-69)
By using the relationships given in equations (3-61), (3-62) and (3-64), T can be
expressed as:
Tm = ^ ( M 4L42 +  / 4 )(O2 ( e v2 + 0 v2) +  ^ / „ [ ^  + (Ocos(0v+ 0 v) ] 2 (3-70)
The total kinetic energy of the system is:
T = T r + Ta
= ^  ( M4 L4 2 + / 4)(0 12 + 0 v 2) + ^  ( M4 L4 2 + / 4)to2 (0 v 2 + 0 v 2) 
+ — I a [£2 + co cos(0 ( + 0  v ) ]2
(3-71)
The potential energy of the system is:
( 3 ' ? 2 )
There is no external moments in this energy approach. Thus, the virtual work of 
the system is equal to zero:
8 W = 0 (3-73)
The equations o f motion of the system are derived using Lagrange equation as 
following.
In the 0 direction:
X
— +  —  =  o
dt  3 0 1 3 0 1 30 t
(14 + M 4 La 2 )0 t + [ Ia f2co + (/„ -  / 4 -  M 4 La2 )co2 +  K0x ]0 , (3-74)
+ (/„£2co + / (,co2)0 v = 0
In the 0  direction:y
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—  ( - 5 ^ ) -  — + — = 0
d t  3 0 /  3 9  v  3 6  v
( / 4 +  M 4 L 42 )0  v  +  [ 7 a Q a >  +  ( / „  -  / 4 -  A 7 4 L 42 ) C O 2 +  t f 0 v  ]0  v 
+  ( / „ C 2 c o  +  / „ G r ) 0 r  = 0
( 3 - 7 5 )
In the matrix form, equations (3-74) and (3-75) are expressed as:
[M]{e}+[K]{e}={o}
where:
[ M ]  =
I4 + M 4L42 0
o i 4 + m 4l 42
[K\:
/„Q to+(/(, - I 4 - M 4L42) co2 +K(U ( /(1Do3+/„co2)
(/„tao + /„co2) / ,f to + ( /„  - I 4- M 4L42) u 2 + Kih,
( 3 - 7 6 )
(3-77)
(3-78)
0{®}= ' (3-79)
{©} = 0 , (3-80)
In this approach, since the kinetic energy associated with the whirling motion of 
the rotating disk was considered independently, the gyroscopic effect of the rotating disk 
was incorporated in the stiffness matrix [K], Equation (7-78) shows the gyroscopic effect 
of the rotating disk both changes the effective stiffness of the system and presents 
coupling terms in the stiffness matrix. The mass matrix is the same as the classical 
approach.
Examining equation (7-78) shows that, when the rotating speed, Q,  goes to zero, 
stiffness matrix [K] does not go back to the non-rotating case automatically. Considering 
the nature of the whirling motion of the rotating disk, it is physically caused by the disk
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rotation. W hen there is no rotation, £2 = 0, there is no whirling motion, co = 0. Thus, 
mathematically, the condition that £2 = 0, co = 0 can be assigned to equation (7-78). This 
condition assure that equation (7-78) goes back to the non-rotating case when the rotating 
speed, £2 , goes to zero.
For the case that the whirling speed, to, is in the opposite direction with rotating 
speed, £2, simply replace co with -co in the equation (3-78).
3.3.3 The five-degree-of-freedom fan im peller, 
motor and motor mount system
As was discussed in Section 3.2.3, when deriving the equations of motion o f the 
fan impeller, motor and m otor mount system, the kinetic energy of the motor and 
equivalent system and the potential energy of the equivalent system must be considered. 
Following the same procedures used in Sections 3.2.3, the equations of motion o f the fan 
impeller, m otor and m otor mount system, as shown in Figures 3-1 and 3-6 can be 
obtained.
The translational velocity components of the mass centers o f the fan impeller and 
the m otor associated with the rocking motions in the xz and yz plane and the translational 
motion in the x, y and z directions are:
= A)® .1 *
v + >’ (3-81)
=  Z
'T , = +•*
v4y = L40 v +  y  (3-82)
V4* =Z
The kinetic energy of the motor associated with these motions is:
52
X
X
Figure 3-7: The fan impeller, motor and motor mount system including the 
gyroscopic effect of the rotating fan impeller - energy approach
T, = ^ M 3v3, 2 + ^ -M 3v3v2 + ^ M 3v3/  + ^ / 30 , 2 + ^ / 3e , 2 (3-83)
The kinetic energy of the fan impeller associated with these motions is:
T4 = | M 4v4r2 + ^ M 4v4v2 + ^ M 4v4z2 + ^ / 40 , 2 + i - / 40 v2 (3-84)
The kinetic energy o f the m otor mount system associated with these motions is:
(3-85)T  -  — M  x 2 + — M  y 2 + — M  z 2 + — I XQ 2 +  —/  0 2c 2 2 - 2 2 2
The translational velocities of the mass centers of the fan impeller and the motor 
associated with whirling motion are:
va,3 = L3 sinV «  
vu4 = L4 sinvi/co (3-86)
The rotational velocities parallel and perpendicular to the rotation axis are same 
with equation (3-68):
5 3
£2 +  co cosi|/
(3-87)cosinv)/ v ’
The kinetic energy o f the system associated with the whirling motions of the 
rotating fan impeller is:
T(0 =  —M 3(L3 sinV|/co) 2 + - M 4 (L 4 sinV|/to) 2 +
/ j ( to s in y ) 2 + -^ /4(co sinvj/ ) 2 +  -^-/v(cosin0  r) 2
1 . 1  + —/  v (co sin0  v) +  — /„ (Q  + to c o s y )
(3-88)
By using the relationships given in equations (3-61), (3-62) and (3-64), T o can be 
expressed as:
^  29 , 2 +  ^  / n (0 20 y 2 + \  1 a [G + ■to cos(0 ,  + 0 v)]2 (3-89)
where:
/,, =  h  + h  + A/3 +  M 4 L4~ + I  x
I  iy = I 3 + h  +  M ,  L 2 +  M 4 L42 +  I  y (3 ' 90)
The total kinetic energy of the fan impeller, motor and motor mount system is:
t  = t, + t4 + t , + t0)
= —m x 2 + —m y 2 + — m z 2 +  —7,t0 /  + —7,V0 V2r \  X r \  » •' r \  Z r \  IX X /-* t\ V
1 1 1 (3' 91) 
+ - / „  co20 /  + - / o.a>20  +  - / fl[Q +  cocos(0 , + 0 V) ] 2
where:
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ml  = M 3Lj + M 4L4 
m x = M 3 +  M 4 + M  x
my = M 3 + M 4 +  M v (3-92)
mz = A73 + A/4 +
The potential energy o f the fan impeller, motor and m otor mount system is:
V = { K ‘X'  + { K ’ y l  + { K=e  + j K^ r! <3-93>
The virtual work o f the system is zero:
bW = 0 (3-94)
The equations o f motion of the fan impeller, m otor and motor mount system are
derived using Lagrange equation as following.
In the x direction:
d  ,3 7 ,  3 7  dV n
—  Or—) -  —  +  —  -  0  
dt  dx dx dx
m ' x  + mlQ + K. x  =  0
(3-95)
In the 0 direction:
dt  30 x 3 0 1 30 v
/,,0  f + mix + [ / flQ(0 + (/,, -  I,x )co2 + K0x ]0 t (3 -9 6 )
+  ( / i,Qco + / ()co2) 0 v = 0
In the y direction:
± {K ] J S + ^ L = o
dt  3y dy dy 
m ry + mld v + K vy  = 0
(3-97)
In the 0 direction:y
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In the z direction:
± l ” L ) - * L + * V - m 0
dt 30 v 30 v 30 v 
7,v0 v + mly + [IUQ(£> + ( I tl -  / ,v )co2 +  AT0V ]0 v 
+  (/„£2co + /„co2) 0 t = 0
o
dt az az az, 
mzz +  K,z  = 0
In the matrix form, equations (3-95) through (3-99) are expressed as:
[ M p } + [ K p }  = {0}
where, by substituting the relationships given in equations (3-90) and (3-92):
[* ]=
Mx+M}+M4 M & + M & 0 0 0
M & + M &  1K 0 0 0
0 0 A^.+M,+yi^ m ^ + m 4l > 0
0 0 hy 0
0 0 0 0 h +m 4+ma
X  0 0 0 0
0 /uQco+(/u- / , t)co2+ ^ t 0 /,Qm+/,co2 0
0 0 0 0 
0 / i(Q co+/(1ar 0  /,1D c o + ( /„ - / ,v)co2+ a ;v 0
0 0 0 0 A'.
(3-98)
(3-99)
(3-100)
(3-101)
(3-102)
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{*}= (3-103)
W  =
x
e r
(3-104)
Equation (102) has the identical format with equation (3-78). Thus, all discussions 
in Section 3.3.2 are applicable to equation (102).
3.4 Analytical models including the gyroscopic effect of rotating 
fan impeller, model 3 - energy approach
To evaluate the kinetic energy associated with the whirling motion of the rotating 
disk, there are two ways to resolve the whirling vector, on, and rotating vector, Q. One 
way is to resolve them along the rotating axis, which was discussed in Section 3.3. The 
other is to resolve them along the spin axis, which is discussed in this section.
As shown in Figure 3-8, when resolving the whirling motion and rotating motion 
of the disk along the spin axis, comparing with Figure 3-7, the rotational velocities 
parallel and perpendicular to the spin axis become:
co +  £2cos\j/
Q sin  V)/ (105)
For the simple two-degree-of-freedom disk and massless rigid shaft system, the
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stiffness matrix in equation (3-78) becomes: 
[ K ]  =
7„£2tO + (/„ -  / 4 -  MAL 2)Q2 + IaQco + I0Q 2 
/,Q w  + ( / , - / 4 -A 74L42)Q2 + /f0v (106)
For the five-degree-of-freedom fan impeller, m otor and motor mount system, the 
stiffness matrix in equation (3-102) becomes:
[ K ]  =
K 0 0 0 0
0 I , ^  + (Ia - I lx)Q2+Kax 0 IaQto +1aQr 0
0 0 Ky 0 0
0 /,Qco + / ,Q 2 0 / (1Q (O + ( /„ - /o. ) ^ 2+A'0v 0
0 0 0 0 K.
(3-107)
3.5 Discussion
W hen including the gyroscopic effect o f the rotating fan impeller in the equations
z  z
-  0
X
F a nx
Figure 3-8: The fan impeller, motor and motor mount disk system including the 
gyroscopic effect o f rotating fan impeller - energy approach
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of motion, the mass matrix is not changed. In the classic approach, an additional damping 
matrix is added to the equations of motion. In the energy approaches, extra terms are 
added to the stiffness matrix. All these terms represents the modal coupling between two 
rocking m otions and between two swaying motions.
The studies before show that the gyroscopic effect of the rotating fan impeller will 
cause the two non-rotating modes in the xz and yz planes, which are the two rocking 
modes, fQx and f  , and the two swaying modes, fx and fy in this case, to separate as 
rotational speed is increased. One mode will decrease in frequency, which is visualized as 
the whirling speed of the fan impeller, co, is in the opposite direction as the shaft rotation, 
O. The other mode will increase in frequency, which is visualized as the whirling speed 
of the fan impeller, to, is in the same direction as the shaft rotation, Q. The modes shifting 
caused by the opposite direction whirling are called backward modes, which are f0 - BW 
for the rocking mode and f - BW  for the swaying mode in this case. The modes shifting 
caused by the same direction whirling are called forward modes, which are f0 - FW for the 
rocking mode and f  - FW for the swaying mode in this case.
As pointed by Den Hartog in his book [9], the forward mode can be excited by the 
fan im peller unbalance and it is a resonance phenomenon. The vibration amplitude at this 
forward mode is proportional to the amount o f the fan impeller unbalance. In other word, 
the centrifugal force o f the fan impeller unbalance will do work and input energy into the 
system to increase the vibration of the system. However, the backward mode is hardly 
excited by the fan impeller unbalance. Studies in NASA and Lockheed Aircraft [10] show 
that the backward mode is important only when the aeroelastic stability is considered. The 
rotating tests in this project proved that the backward mode did exist in the investigated 
air-conditioning units, but the vibration amplitude at this mode was fairly small. It did not 
cause vibration problems.
In this work, the equations of motion given in equation (3-26), (3-48), (3-76),
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(3-100), (3-106) and (3-107) were solved by using Matlab software. Appendix C gives 
the M atlab files for different models.
CHAPTER 4 
TECHNIQUES TO ESTIMATE 
ANALYTICAL MODEL PARAMETERS
In this Chapter, information from Chapters 2 and 3 was used to estimate the 
param eters, iVU M s, M/5 K U  Kv. K%, 1C,, K0x and K(1v in the analytical model. All other 
param eters used in the calculation were measured. Table 2 in Chapter 2 presented these 
measured parameters for test unit #1 and test unit #2.
Depending on different test setups used for different test units, three parameter 
estimation techniques were developed. First one was the one-degree-of-freedom  method, 
which was used to identify parameters in the z direction for the both units and to identify 
the rocking parameters in the xz and vz planes for test unit #1. The second one was the 
one-degree-of-freedom  method plus the static stiffness measurement in the x and y 
directions, which was used to identify the parameters in the x and y directions for test unit 
#1. The third one was the two-degree-of-freedom  method, which was used to identify the 
parameters in the x and y directions and in the xz and yz planes for test unit #2.
4.1 O ne-degree-of-freedom  method
The one-degree-of-freedom method was used to identify parameters in the z
bO
ft i
Figure 4-1: The one-degree-of-freedom  model
direction for both units and to identify the rocking parameters in the xz and vz planes for 
test unit #1.
First, consider an one-degree-of-freedom  system in the z direction, as shown in 
Figure 4-1. The resonance frequency of this system is expressed as:
The frequency, f ,, was measured from the fram e only test for test units #1 and test unit 
#2 (as addressed in Section 2.4).
Next, consider the same one-degree-of-freedom system with an added mass, M . 
as shown in Figure 4-2. The only change in the system is the change of mass, which 
becomes M+IVK The new resonance frequency of the system is:
W here, the frequency, f^. was measured from the motor and circular disk test for test 
unit #1 and m otor and fan test for test unit #2 (as addressed in Section 2.4).
In equations (4-1) and (4-2). (here are only two unknowns: K and M , These
1 2 /r]J M (4-1)
(4-2)
Figure 4-2: The one-degree-of-freedom  model with added mass
values are obtained bv:
(4-3)
K : = ( 2 a f :l ) : M (4-4)
Equations (4-3) and (4-4) were used to identify the appropriate parameters in the z 
direction for both test unit #1 and test unit #2. The added mass. M . was equal to the sum 
of the mass of the motor and the circular disk/fan impeller. M ( = M. + M4.
The same procedures were also used to identify the param eters in the xz and yz 
planes for test unit #1. Unfortunately, the motions in the x and qv directions, for example, 
were coupled. From an engineering point view, for the purpose of identifying the 
necessary parameters, the coupling effect between the motions in the x and q  ^ directions 
was neglected. Thus, the motion in the 0 direction was modeled as an one-desree-of- 
freedom system and Kik and Ix were calculated using the following equations:
6 3
K,h = \ 2 n f lhi) : l.  (4-6)
W here, the frequency f(H| in equations (4-5) and (4-6) was measured from the frame only 
test and f in equation (4-5) was measured from the m otor and circular disk test. The 
I in equation (4-5) was the added mass moment of inertia, which was equal to the sum 
of mass moment of inertia of motor and the circular disk. I = L + I, + M .L ,: + M ,L ,: .,iuu 3 4 . ' 3  4 4
Similarly, equations (4-5) and (4-6) were used to identify the parameters in the yz 
plane too. The only difference was that f.K| and fflx, were replaced by f()v| and f()vland they 
were measured from the fram e only test and motor and circular disk test, respectively.
The errors caused by this simplification for two rocking modes in the xz and yz 
planes of test unit #1 were less than I've.
4.2 One-degree-of-freedom  method plus static stiffness m easurem ent
Because there were difficulties in identifying the swaying modes in the test unit 
#1, the one-degree-of-freedom  method plus the static stiffness measurement technique 
was developed to identify the parameters in the x and y directions.
Since the stiffness was measured, the effective mass is the only unknown in 
equation (4-1) and can be calculated directly. This applies to the swaying modes in the x 
and y directions.
The static deflection in the x direction, Dx, was measured by rigidly mounting the 
whole unit on an inertia base. A Dial Indicator mounted on one side of the unit was used 
to measure the static deflection. D . associated with a force. F , applied to the other side 
of the unit, as shown in Figure 4-3. The static stiffness was calculated by:
K -  F 'V - -  (4-7)
After obtaining Kx. the effective mass M was calculated by:
Figure 4-3: The schematic of  static stiffness m easurem ent
,4 -8 ’
Similarly, the static deflection. and applied force, F , were obtained by using
the sam e setup shown in Figure 4-3. and M were calculated using equation (4-7) and
(4-8), respectively. A ppendix B gives the static stiffness data o f  test unit #1 on case.
4.3 Two-degree-of-freedom  method.
Figures 4-4 and 4-5 are two dimensional model in the xz plane for one mass test 
and m otor and fan test. Because that the motion in the z direction was uncoupled from 
motions in other two directions, the parameters in the z direction w as identified using the 
one-degree-of-freedom  method discussed in Section 4.1. The parameters in the x and y 
directions and in the xz and yz planes were identified using tw o-degree-of-freedom  
method discussed below for test unit #2.
4.3.1 The one mass test.
Figure 4-4 shows the two dimensional model in the xz plane for one mass test
T ’___________
■   i
_ i
Figure 4-4: The two dimensional model for one mass test setup
setup. The equations o f  motions in the x and the Qx directions for this test setup arc:
' M ,  + M h M„Lh I f . v j 'A ', 0 ' K i°lv -  r + 
M,,Lh~ + / , , + / ,  J [ 0 , J
.  0 K »<. k .
—  ) ( (4-9)
Assum ing that motions in the x and 0^ direction are harmonic, the following relationships 
are obtained:
.v■ = Ac
9 = B e “‘” '~0
(4-10)
.v = -ru\v 
0 , = - a r Q .
(4-11)
Substituting the relationships in equation (4-11) into equation (4-9), the eigenvalue 
equation o f  the two-degrce-of-freedom  system are obtained by setting following 
determ inant to zero:
A, -  or ( A/ ( + A/,) -  M h L,,co:
— M hLh( 0 : K (h - c tr  ( / ,  -  /.. + M hLh~ )
= 0
After expansion, equation ( 4 - 12) is expanded as:
iqftT +f ,  = 0
(4-12)
(4-13)
(he values o f  the coefficients are:
c(i — ( M 1 +  /V/,,) ( / ( +  //, +  A7,, L h ) — ( M h Lh ) 
/;, =  AT.,, ( M  k +  M , ) -t- A ,  -r- A / ,  L , : )
c | — A  . A ()l
( 4 - 1 4 )
Equation (4-13) is a quadratic equation o f  variable co: . There are two roots for this equa­
tion. They are 0)o : = (2jxfv, ): and conu:= (2rcfn x ] whi ch correspond to the swaying mode 
and the rocking mode o f  the system shown in Figure 4-4. and are expressed as:
where co , =2rcf , and (Dn , : 27lfn .. The f , and f„ , were measured from the one mass test.
\ i  \ l  Oxl  Oxl \1  Oxi
In equations (4-15) and (4-16), there are four unknowns. M v, K  K and K()x. Thus 
another two equations Are needed to solve these unknowns. This Is done by running the 
motor and fan test.
4.3.2 The motor and fan test
The two dim ensional model in the xz plane for m otor and fan test setup is shown 
in Figure 4-5. The equations o f  motion in the x and the directions for this test setup are 
expressed as:
The quadratic eigenvalue equation for this system is same as equation (4-9) except that 
the coefficients are different. For the condition o f  the determinant to be zero, the 
quadratic eigenvalue equation becomes:
(O (4-15)il
( 4 - 1 6 )
(4-17)
u , o )  - / ) , a r  +  < \  =  t ) (4-18)
Figure 4-5: The two dim ensional model of m otor and fan test setup
the values o f  the coefficients are:
(4-19)
The two roots o f  equation (4-18) are (0x,: = (2jtfx,)2 and co0x, : = (27if0 )2, which correspond 
to the swaying mode and the rocking mode of the system show n in Figure 4-5. and are ex ­
pressed as:
where co , = 2 r t f , and (0 ,. , = 2jtf„ The f , and f. , were m easured from the motor and
\ 2  \ 2  0 \ 2  0 \ 2  \ 2  0 \ 2
fan test.
In equations (4-15). (4-16). (4-20) and (4-21). there are four unknowns and four
measured frequencies: f t . f(K| . f . and f(K,. By solving the four equations simultaneously,
the four unknowns. \ K  K  Kxand K lx, were obtained. In the same way, the parameters in
(4-20)
(4-21)
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lhe yz plane were identified.
4.4 The Results
Table 3 gives the parameters identil'ied using one-degree-freedom  m ethod and one- 
degree-freedom  m ethod plus static stiffness m easurem ent for test unit #1 on case.
Table 4 gives the parameters identified using the one-degree-of-freedom  m ethod and 
the tw o-degree-of-freedom  method for test unit #2 on case.
Table 3: The param eters for test unit #3 on the case identified using one-degree-of- 
freedom method plus static stiffness m easurem ent
Mass (Kg)
M x M \ M /
29.50 23.90 2.03
Mass M oment of Inertia 
(K g-m ;)
I
\
I
\
0.00927 0.00858
Translational Stiffness 
(N/m)
K
\
K \ K /
442.000.00 494.000.00 84.000.00
Rocking Stiffness (N-m)
Ox K,Oy
623.00 668.00
Table 4: The parameters for test unit #2 on the case identified using one-degree-of 
-freedom method and two-degree-of-freedom method
Mass (Kg)
M, Mv M,
22.10 22.90 2.60
Mass Moment of Inertia 
(Kg-irr)
Iv 1.
0.0117 0.00566
Translational Stiffness 
(N/m)
Kv K K
45.000.00 46.000.00 33.000.00
Rocking Stiffness (N-m)
K Kn>
610.00 539.00
CHAPTER 5 
FOUR-LEG FRAME
As discussed in Chapters 2 and 4. there were difficulties in identifying the 
swaying modes in the x and v directions for test unit #1. Thus, a four-leg frame was used 
to simulate the shell of this test unit. This frame was used to eliminate the unwanted 
vibration modes of the side panels of the unit and to make the installation of the vibration 
sensors simpler.
5.1 Design o f four-leg fram e
The four-leg frame, which had stiffness in both the x and v directions proportional 
to the corresponding stiffness of test unit #1. is schematically shown in Figure 5-1. The 
measurement points shown in the figure were the same points that were used to make the 
mobility measurements on the test unit #1. as shown in Figure 2-1. The four-leg frame 
was attached to an inertia base. The four horizontal bottom beams in the four-leg frame 
were used to make the stiffness in x and y directions uniform and to provide a way to 
attach the whole frame to the inertia base. The legs and bottom beams were made from
25.4 mm x 25.4 mm square tubing with a wall thickness of 1.651 mm.
Relative to the swaying modes in the x and y directions, the effect of the frame of 
the unit was visualized as four free-end cantilever beams. A small tip at the end of each
7 0
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Figure 5-1: The schematic of four-leg frame and measurement points
leg was used to simulate the free-end (Figure 5-2). The top of the unit was attached to the 
four-legs at the four tips. This allowed the four-legs to work together as a free-end 
cantilever beam. The horizontal bottom beams were welded to the legs.
The boundary conditions of the top at the four-leg frame were analyzed. To more 
closely simulate the boundary conditions of the top of test unit #1. one angle frame was
Figure 5-2: The leg and bottom beams Figure 5-3: The angle frame for stiffening top
used lo stiffen the top of the unit (Figure 5-3). The top of the unit was attached to the
angle frame with bolts. The total mass of the top and angle frame was 16.38Kg.
5.2 M odifications o f analytical model param eters
Because the structure and boundary conditions were changed when the top was 
supported on four-leg frame, the parameters used in the analytical model were changed 
correspondingly. These parameter changes were discussed in this section.
5.2.1 The modified stiffness and mass in the x and y directions
The effective stiffness. K and K . for the four-lea frame in both the x and v\  \ *-
directions were measured as described in Section 4.2. The results of the static stiffness 
measurement in both the x and v directions for the four-leg frame are summarized in 
Appendix C.
The effective masses in both the x and v directions of the unit that was supported 
by the four-leg frame consisted of two parts:
(1) The total mass of the top and angle frame, which was 16.38Kg: and
(2) The effective mass from the four-legs.
Recalling the discussion about the equations of motion of the frame only test in Chapter 
4. the motions in all directions were uncoupled from each other. In another words, the 
motion in any direction could be modeled as an one-degree-of-freedom system. Thus, the 
easiest wav to obtain the effective masses. M v and M . in both the x and v directions is to 
calculate them using following equations:
Table 5: The parameters for test unit #1 on four-leg frame
Mass (Kg'
M M. M /
18.10 17.60 2.03
Mass Moment of Inertia I\ I,
t Kg-m : ) 0.00927 0.00858
Translational Stiffness K\ K. K
i N /m ) 303.000.00 3 1 3.000.00 70.000.00
Rocking Stiffness (N-m)
L-Lt0X Kcqflv
546.00 60 1.00
where, the Kv. Kr  fx| and f , were experimentally measured as described in Chapters 2 and 4.
Table 3 in Chapter 4 presented the parameters that were identified for the test unit 
#1 on case. Table 5 lists the parameters that were obtained with the top of test unit #1 
supported on the four-leg frame.
5.2.2 The modified stiffness in the xz and yz planes and in the z direction
An angle frame was used to stiffen the top of the test unit #1 u'hen it was mounted 
on the four-leg frame (Figure 5-3). However, the stiffness values of the test unit #1 
mounted on the four-leg frame w'ere less than the corresponding values that were 
measured when test unit #1 was fully assembled because the boundary conditions of the 
top of test unit #1 were different when it was mounted on four-leg frame.
When the top was fully assembled, it was visualized as a beam with two simply-
supported ends, as shown in Figure 5-4. The equivalent model for the first vibration
mode of  the beam, which corresponds to the translational mode of the lop in the /
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Figure 5-4: The simply supported beam and equivalent model for its first vibration mode
direction, was also shown in Figure 5-4.
When the four-leg frame was used to support the top of the test unit # 1. the top became 
joined to the legs at four corners and supported by resilient supports at four points. This 
configuration was visualized as a beam that was supported by two springs at its ends, as shown 
in Figure 5-5. The equivalent model for this system's first vibration mode. i.e. the translational 
mode in the z direction, contained two springs in series. One spring was the effective spring 
of the beam, with stiffness K_,. which was identified before. The other spring was the sum of 
two supporting springs, which was K7'. The new equivalent stiffness for the translational 
mode in z direction was desisnated K and obtained bv:-  i'qz
1 1 1
  =  1-------
Figure 5-5: The spring supported beam and equivalent model for its first vibration mode
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By assuming that the effective mass. M ,  did not change with the changes of boundary 
conditions, the value of K were directlv calculated bv:
L-q/.
Kitr = ( l 7 i f r[ V  M.  (5-4)
where, the f was experimentally measured as described in Chapter 2.
Similarly, bv assumina that the effective mass moment of inertia, 1 and 1 , in the- - — \ s
xz and yz planes did not change with the change of the boundary conditions, the new 
equivalent rocking stiffness. K and K. By, in the xz and yz planes were calculated by:
(5-5)
K ,-a* (5-6)
where, the f and f|K| were experimentally measured as described in Chapter 2.
Parameters for the top supported on the four-leg frame were given in Table 5. All 
other parameters used in the calculation were given in Table 2 in Chapter 2.
CHAPTER 6
EXPERIMENTS
Chapters 2. 3 and 4 discussed the test procedures used to identify the modes of 
interest, the analytical models used to predict these modes, and the identifications of the 
parameters used in these models. In this Chapter, the summaries of the results of both the 
non-rotating tests and the rotating tests and the results calculated from the analytical 
models are presented for test unit #1 both on the four-leg frame and the case and for test 
unit #2 on the case.
6.1 Non-rotating tests
The test procedures discussed in Chapter 2 were used in the non-rotating tests for 
identifying the modes of interest. The analytical model developed in Section 3.1 with fan 
impeller not rotating and the parameters identified in Section 4.4 were used to calculated 
these modes.
Because that motions in the xz and yz planes are uncoupled from each other for 
non-rotating case, the parameter changes in one plane will not affect the calculated results 
in the other plane. To identify which frequency in the results corresponds to. for example, 
the rocking mode in the xz plane, first, set all parameters in the vz plane to zero. Then the 
corresponding one-degree-of-freedom (ODF) resonance frequency of the rocking mode is
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calculated by using equation (4-1). Since the swaying mode and the rocking mode in xz 
plane are the only modes left and they are separated very well, the frequency in the results 
which is closer to the ODF frequency is the rocking frequency in the xz plane. Using 
same approach, the rocking mode in the yz plane can be identified. The translational 
mode in the z direction is uncoupled from other mode. It can be calculated using equation 
(4-1).
6.1.1 Test unit #1 on the four-leg fram e
Table 6 gives the measured and the calculated results for different test setups of 
test unit #1 on the four-leg frame. The calculated resonance frequencies agreed very well 
with the corresponding measured resonance frequencies. The swaying modes in both the 
x and y directions were exactly identified.
6.1.2 Test unit #1 on the case
Table 7 gives the measured results and the calculated results for different test 
setups of test unit #1 on the case. The analytical model yielded fairly good results for ail 
of the modes except for some of the swaying mode in the y direction. The reason for this 
was that the swaying and rocking modes in xz plane and yz plane were coupled to each 
other. When the one-degree-of-freedom method was used to identify parameters, this 
coupling effect was neglected.
6.1.3 Test unit #2 on case
Table 8 gives the measured and calculated results for different test setups of test unit 
42 on the case. The analytical model yielded very good results because the two-degree-of- 
freedom method was used in identifying the parameters.
Table 6: The non-rotating test results of test unit #1 on four-leg frame
Frequencies(Hz) f f f/ f0. f0>
Frame only test Measured 20.60 21.30 29.60 38.60 42.10
114 HP motor 
and circular disk
Calculated 19.60 20.20 13.70 1 1.50 12.10
Measured 19.80 20.10 13.90 12.00 12.90
1 /4 HP motor 
and 
No.60799501 
fan impeller
Calculated 19.60 20.20 13.80 1 1.70 12.20
Measured 20.00 20.50 14.00 12.30 13.10
1/3 HP motor 
and 
No.60843301 
fan impeller
Calculated 19.30 19.90 12.80 10.40 10.90
Measured 19.50 20.00 13.50 10.90 1 1.40
Table 7: The non-rotating test results of test unit #1 on case
Frequencies(Hz) f f\ f/ f.K
Frame only test Measured 19.50 22.90 32.40 41.30 44.40
1/4 HP motor 
and circular disk
Calculated 19.10 22.00 15.00 12.40 13.00
Measured 18.10 17.80 15.00 13.80 14.10
1/4 HP motor 
and 
No.60799501 
fan impeller
Calculated 19.10 22.00 15.10 12.50 13.10
Measured 18.90 18.30 15.40 12.90 14.40
1/3 HP motor 
and 
No.60843301 
fan impeller
Calculated 18.90 21.70 14.00 11.10 11.60
Measured 18.90 22.00 14.60 11.40 12.00
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Table 8: The non-rotating test results of test unit #2 on ease
Frequencies! Hz) f\ f\ f/ ‘llv
Frame only test Measured 7.00 7.00 18.00 N/A N/A
One mass test Measured 6.60 6.60 1 1.30 30.90 36.60
No.LAOl RA025 
fan impeller
Calculated 6.40 6.40 10.10 16.40 16.30
Measured 6.40 6.40 10.10 16.40 16.30
No. 203020-A 
fan impeller
Calculated 6.40 6.40 10.10 16.40 16.20
Measured 7.00 7.00 10.30 16.30 16.10
No. 203020-C 
fan impeller
Calculated 6.40 6.40 10.10 16.40 16.20
Measured 7.30 7.30 10.30 16.30 16.50
No. 203020-E 
fan impeller
Calculated 6.40 6.40 10.10 16.40 16.20
Measured 7.30 7.30 10.40 16.90 16.90
6.2 Rotating Tests
To experimentally verify the forward and backward mode shifting and the 
resonance speeds corresponding to the gyroscopic effect of rotating fan impeller/disk, 
three types of rotating tests were conducted. The first type was rotating mobility tests, in 
which the motor and fan impeller/disk were rotating and which was used to verify the 
shifting of the forward and backward modes. The second type was peak hold spectrum, 
which measured the maximum vibration amplitudes at each frequency at selected points 
on the units while the motor speed was slowly varied. The third tvpe was coast down test, 
which was completed by running the motor and fan impeller at a specific speed then
so
cutting off the power. The last two rotating tests were used to verify the system resonance 
speeds corresponding to the gyroscopic effect of the rotating fan impeller.
The forward and backward modes, which were caused by rotating fan impeller/ 
disk, occurred simultaneously. Both the forward and backward modes were measured in 
the experiments. The translational mode in the z direction was uncoupled from any other 
motion. It was not affected by the gyroscopic effect.
6.2.1 The rotating m obility test
The test setup for the rotating mobility test was identical with the m otor and fan 
or motor and circular disk test setup. For the rotating mobility tests, the motor and fan 
impeller or circular disk were operated at a specified speed. The mobility as a function of 
frequency was measured.
To measure the forward and backward modes at any motor speed simultaneously, 
the impact force must be applied and accelerometer must be fixed at previously selected 
points. All the discussions in Chapter 2 about the mobility measurements and the points 
shown in Figures 2-12 and 2-13 are applicable to the rotating mobility measurements. As 
discussed in Section 3.5, the forward modes will be excited by the fan impeller unbalance 
and it is a resonance phenomenon. Thus, the forward modes are much more of interest 
and more important in this project. The backw'ard modes will not be excited by the 
unbalance. But they will be excited by aerodynamic forces acting on the rotating fan 
impeller. In the peak hold spectrum test and the coast down test discussed later, the 
aerodynamically excited backward modes were measured. The vibration amplitudes at 
these backward modes were small because the motor speeds in the test units were low. 
The backward mode should not cause vibration problems in the investigated air- 
conditioning units.
Figures 6-1 and 6-2 give the rotating mobility measurements of test unit #1 on 
four leg frame with 1/4 HP motor and No. 60799501 fan impeller at speed 1000 RPM.
Figure 6-1 is the rotating mobility for the forward and backward rocking modes. Figure 6- 
2 is the rotating mobility for the forward and backward swaying modes.
The motor speed was varied using a variable frequency power supply. Thus, the 
forward and backward modes at the different rotation speeds were obtained. The 
measured forward and backward modes were compared with the predicted forward and 
backward modes by the models developed in Chapter 3.
Model 1 was developed by using the classical approach, in which the gyroscopic 
effect of the rotating fan impeller was treated as the additional external moments and 
included in the system equation by considering the virtual work of the moments. The 
equations of motion of the fan impeller, motor and motor mount system for the model 1 
were given by equations (3-48) through t3-54).
Model 2 was developed by using the energy approach, in which the gyroscopic 
effect of the rotating fan impeller was treated as the additional kinetic energy. The 
whirling speed of the fan impeller, co. was resolved into two components, which are 
parallel and perpendicular to the rotational axis. The equations of motion of fan impeller, 
motor and motor mount system for the model 2 were given by equations (3-100) through 
(3-104).
Model 3 was developed by using the same approach with model 2. In this model, 
the rotational speed of the fan impeller. Q, was resolved into two components, which are 
parallel and perpendicular to the spin axis. The equations of motion of fan impeller, 
motor and motor mount system for the model 3 were same as model 2 except that the 
stiffness matrix given in equation (3-102) was replaced by equation (3-107).
6.2.1.1 The rotating m obility measurem ents of  
test unit #1 on the four-leg frame
Two group test data are discussed here. One group data is the rotating mobility 
measurements of the unit with 1/4 HP motor and circular disk. The results from this test
8 2
Transfer  Funct ion of  Force Input and Velocity 
M f e------------------- ' 1— ■ = ■ ■ I---------------------— ----------------<----- 1
p i l l  8.75 Hz. backward rocking mode :
I q: j_ 12) 15.1? Hz. forward rocking mode _
F i?) 16.6? Hz 1998 RPM).  motor speed ;
j- (4) 23.75 Hz. forward swaying mode i2) 15.13 Hz
10' fe­
ll i?)  16.63 Hz z
i 1)8.75 Hz ( 4) 23 .75  Hz -
Frequency (Hz)
Coherence of  Force Input and Velocity
rj
0.6
0.4
0.0
10
Frequency t Hz)
Figure 6-1: The rotating mobility measurement for both the forward and backward 
rocking modes of test unit #1 on four leg frame with 1/4 HP motor and No. 60799501 
fan impeller, the motor speed is 1000 RPM.
M
oh
ili
ly
, 
m/
iN
 
s)
8 3
T r a n s f e r  F u n c t i o n  ol  F o r c e  I n p u t  a n d  V e l o c i t y
10'
I ) 16.63 Hz ( 99S RPM t. motor  speed
12) 17.73 Hz. backward swavinc mode
10" (2) 17.75 Hz
(3) 23.75 Hz. forward swavine mode
(3) 23.75 Hz
10-' (1) 16.63 Hz
I ()'-
It) !
10
Frequency {Hz)
Coherence of Force Input  and Velocity
1.0
0.8
0.6
0.4
0.2
0.0
10
Frequency iHz)
Figure 6-2: The rotating mobility measurement for both the forward and backward 
swaying modes of test unit p 1 on four leg frame with 1/4 HP motor and No. 
60799501 fan impeller, the motor speed is 1000 RPM.
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setup are used to validate the analytical models. The other group data is the rotating 
mobility measurements of the unit with 1/4 HP motor and 60799501 fan impeller.
Figure 6-3 gives the measured forward and backward rocking modes and the 
calculated ones from models 1. 2 and 3 for test unit #1 supported on four leg frame with 
1/4 HP motor and circular disk. For the forward rocking mode, model 1 and model 2 have 
the same accuracies. The average and standard deviations of two models are very close. 
The problem for model 2 is that this model does not converge to the non-rotating modes 
as the rotating speed is decreased to zero. This is because the assumed whirling vector, co. 
does not fully represent the wobbling motion of the fan impeller at low motor speeds. At 
higher speeds, model 2 gives equally good predictions about the forward rocking mode as 
model 1 does, especially around the resonance speed. It is very important in this project to 
obtain good predictions of the resonance speeds of the system. For the backward rocking 
mode, model 1 gives better predictions than model 2. Because the backward rocking 
mode will not be excited by the fan impeller unbalance, it is not important in this work. 
For model 3. it gives acceptable predictions for forward rocking mode. But it does not 
give good predictions for the backward rocking mode.
Figure 6-4 gives the measured forward and backward swaying modes and the 
calculated ones from models 1. 2 and 3 for test unit #1 supported on four leg frame with 
1/4 HP motor and circular disk. For the forward swaying mode, model 2 gives the best 
predictions. The average and standard deviations of model 2 is much better than model 1 
and model 3. For the backward swaying mode, model 1, 2 and 3 have almost same 
accuracies.
Figure 6-5 is the measured and calculated translational mode in the z direction for 
test unit #1 supported on four leg frame with 1/4 HP motor and circular disk. Because 
this mode is uncoupled from all other modes and is not affected by the gyroscopic effect 
of the rotating fan impeller, all models give the same prediction. The measured rotating 
mobility data verified this.
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Figure 6-3: The forward and backward rocking modes of test unit #l on four leg
frame with 1/4 HP motor and circular disk, the giv en average and standard deviations
are for the forward rocking mode.
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Figure 6-4: The forward and backward swaying modes of lest unit #l on four leg
frame with 1/4 HP motor and circular disk, the given average and standard deviations
are for the forward swaying mode.
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Figure 6-5: The translation mode in the z direction of test unit #1 on four leg frame 
with 1/4 HP m otor and circular disk.
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From an overall point view, both model 1 and model 2 are the valid models which 
can be used to predict the mode shifting corresponding to the gyroscopic effect of the 
rotating fan impeller. In the following discussions, only the data from model 1 and model 
2 are presented.
Figure 6-6 gives the measured forward and backward rocking modes and the 
calculated ones from models 1 and 2 for test unit #1 supported on the four leg frame with 
1/4 HP motor and No. 60799501 fan impeller. In this case, model 2 gives better 
prediction for the forward rocking mode than model 1 does. For the backward rocking 
mode, model 1 gives better predictions than model 2.
Figure 6-7 gives the measured forward and backward swaying modes and the 
calculated ones from models 1 and 2 for test unit #1 supported on the four leg frame with 
1/4 HP motor and No. 60799501 fan impeller. Again, model 2 gives better predictions for 
the forward swaying mode than model 1 does. For the backward swaying mode, the two 
models give almost same accuracies.
Figure 6-8 is the measured and calculated translational mode in the z direction for 
test unit #1 supported on the four leg frame with 1/4 HP motor and No. 60799501 fan 
impeller. This mode is uncoupled from all other modes and is not affected by the 
gyroscopic effect of the rotating fan impeller, the two models give same predictions.
6.2.1.2 The rotating mobility m easurem ents of 
test unit #1 on the case
Figure 6-9 gives the measured forward and backward rocking modes and 
calculated ones from models 1 and 2 for test unit #1 supported on case with 1/4 HP motor 
and No. 60799501 fan impeller. Model 2 still gives better prediction for the forward 
rocking mode than model 1 does. For the backward rocking mode, model 1 gives better 
prediction than model 2.
Figure 6-10 gives the measured forward and backward swaying modes and
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Figure 6-6: The forward and backward rocking modes of test unit #l on four leg
frame with 1/4 HP motor and No. 60799501 fan impeller, the given average and
standard dev iations are for the forward rocking mode.
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Figure 6-7: The forward and backward swaying modes of test unit #1 on four leg
frame with 1/4 HP motor and No. 60799501 fan impeller, the given average and
standard deviations are for the forward swaying mode.
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with 1/4 HP motor and No. 60799501 fan impeller.
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Figure 6-9: The forward and backward rocking m odes o f  test unit # l  on case with 1/4
HP motor and No. 60799501 fan impeller, the given average and standard deviations
are for the forward rocking mode.
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Figure 6-10: The forward and backward swaying modes o f  test unit #1 on case with 
1/4 HP m otor and No. 60799501 fan impeller, the given average and standard 
deviations are for the forward swavimi mode.
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calculated ones l'rom models 1 and 2 for test unit #1 supported on case with 1/4 HP motor 
and No. 60799501 fan impeller. In the non-rotating tests, there were difficulties in 
identifying the swaying modes, and the parameters used foi this test setup gave larger 
errors for the swaying modes. These errors in the non-rotating tests were transferred to the 
rotating tests. Thus, both models do not give acceptable predictions both for the forward 
and backward swaying modes.
Examining the measured rotating mobility data for forward and backw ard  swaying 
modes shows that the predictive curves from analytical models have the same trend with 
respect to the m easured data. These curves appear to be shifted from their correct 
positions. This was com pensated  for by adjusting the stiffness. K^, in the v direction to 
shift the swaying mode curves down. This did not significantly change the predictive 
curves for the rocking modes.
Figure 6-11 gives the corrected forward and backward sw aying modes from 
models 1 and 2 by adjusting the stiffness. K . in the v direction from its original num ber 
o f  494,000.0 N/m to 320.000.0 N/m. Both models give acceptable predictions for the 
forward swaying mode. For the backward swaying mode, predictions are not very good. 
But it is not important.
Figure 6-12 gives the forward and backward rocking modes after adjusting the 
stiffness in the y direction. Both models give acceptable prediction for both the forward 
and backward rocking modes.
Figure 6-13 is the measured and calculated translational mode in the z direction 
for test unit #1 supported on case with 1/4 HP m otor and No. 60799501 fan impeller. 
This mode is uncoupled from all other modes and is not affected by the gyroscopic effect 
o f  the rotating fan impeller, two models give same predictions.
Fr
eq
ue
nc
y 
(H
z)
95
4 0  r
3 5
3 0
2 5
15
10
  Forward and backward  modes,  calculated hv model  #l
Average deviat ion = 0.S4 Hz. Standard deviat ion = 0,cS7 Hz
  Forward and backward  modes,  calculated by model  #2
Average deviat ion = 0.64 Hz. Standard deviat ion = 0.82 l lz 
Forward mode,  measured 
Backward mode,  measured 
 Unbalance  force f requency
20
/
10 2 0 0  4 0 0  6 0 0  8 0 0  1 0 0 0  1 2 0 0  1 4 0 0
M ot o r  Speed ( RPM )
Figure 6-11: The forward and backward swaying modes of test unit #1 on case with
1/4 HP motor and No. 60799501 fan impeller with modified stiffness in v direction,
the given average and standard deviations are for the forward swaving mode.
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Figure 6 - 12: The forward and backward rocking modes of test unit #1 on case with
1/4 HP motor and No. (10799501 fan impeller with modified stiffness in v direction,
the given average and standard deviations are for the forward rocking mode.
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Figure 6 - 13: The translation mode in the z direction of test unit #l on case with 1/4 
HP motor and No. 00799501 fan impeller.
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6.2.1.3 The rotating mobility m easurem ents of 
test unit #2 on the ease
Figure 6-14 gives the measured forward and backward rocking modes and 
calculated ones from models 1 and 2 for test unit #2 supported on case with No. 203020- 
A fan impeller. Model 1 gives better predictions for both the forward rocking mode and 
backward mode than model 2. The non-converge problem at low speed of model 2 affects 
results significantly in this case.
Figure 6-15 gives the measured forward and backward swaying modes and 
calculated ones from models 1 and 2 for test unit #2 supported on case with No 203020-A 
fan impeller. Both models give the same predictions. The gyroscopic effect of the rotating 
fan impeller does not affect the swaying modes in test unit #2. The measured rotating 
mobility data proved this.
Figure 6-16 is the measured and calculated translational mode in the z direction 
for test unit #2 supported on case with No. 203020-A fan impeller. This mode is 
uncoupled from all other modes and is not affected by the gyroscopic effect of the 
rotating fan impeller, two models give same predictions.
6.2.2 The peak hold test
The peak hold tests were used to verify the system resonance speeds 
corresponding to the gyroscopic effect of the rotating fan impeller. In peak hold tests, the 
maximum vibration amplitudes were measured while varying motor speed by using the 
peak-hold-averaging mode in the WavePak card. By using the peak-hold-averaging 
function, the largest amplitudes at any spectrum line were retained to form the “Peak 
Hold" spectrum. In these measurements, the accelerometer was attached at the location 
where the rocking mode mobility measurements were made. The vibration velocity 
amplitudes excited by fan impeller unbalance were measured. The same variable 
frequency power supply was used to manually scan the speed range of interest. Thus, the
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Figure 6-14: The forward and backward rocking modes of test unit #2 on case with
No. 203020-A fan impeller, the given average and standard deviations are for the
forward rocking mode.
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Figure 6-15: The forward and backward swaying modes of test unit #2 on ease with
No. 203020-A fan impeller, the given average and standard deviations are for both
the forward and backward swaying mode.
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Figure 6 - lb: The translation mode in the z direction of test unit #2 on case with No. 
203020-A  fan impeller.
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resonance speeds, at which the shifted forward or backward modes because of the 
gyroscopic effect of the rotating fan impeller coincided with the rotation speeds, were 
located.
In the peak hold spectrum measurements, to obtain the resonance speeds 
corresponding to both the forward and backward rocking modes at same measurement, 
the motor needed to be run from the lowest speed, which was typically 30-409f lower 
than the motor normal speed, to the highest speed, which was typically 20-3091- higher 
than the motor normal speed. The lowest and highest speeds were decided by the 
predicted the resonance speed at the forward rocking mode and the resonance speed at the 
backward rocking mode by the analytical models. The lowest speed for peak hold 
spectrum measurement should be 50 - 100 RPM lower than the predicted resonance speed 
at the backward rocking mode. The highest speed for peak hold spectrum measurement 
should be 50 - 100 RPM higher than the predicted resonance speed at the forward rocking 
mode.
The variable frequency power supply used in this work has an internal oscillator, 
which has the frequency range from 45 Hz to 75 Hz. The upper limit of the frequency 
range of this internal oscillator satisfies all the highest motor speeds needed in this work. 
But the lower limit of the frequency range of the internal oscillator does not satisfy the 
lowest motor speeds needed in this work. To obtain the lowest speeds needed in the tests, 
the external signal input in the variable frequency power supply was used. The sine wave 
signal from a function generator was used as signal input of the power supply, which acts 
as a power amplifier now. By changing the signal frequency of the function generator, any 
motor speed can be obtained. Starting from the needed lowest motor speed, the signal 
frequency of the function generator was slowly increased to little higher than 45 Hz. At 
this moment, it was necessary to switch back to the internal oscillator of the power 
supply. By using internal oscillator of the power supply, the supply voltage were adjusted 
automatically. But. in the external signal input mode, the supply voltage must be adjusted
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manually by adjusting the signal amplitude of the function generator. To safely switch 
from external signal input mode back to internal oscillator mode, the power was cut off 
first. Then, the switch button, which is used to control the working mode of power 
supply, was quickly switched back to the internal oscillator mode and power was turn on 
again. Because the spectrum measurement was at peak-hold-averaging mode, the 
switching procedure did not affect the measurement results.
The FFT spectrum at lowest and highest speed were taken in the tests, which were 
used to accurately locate the starting and ending speeds in the peak hold spectrum 
measurement.
The forward and backward swaying modes in all test units in this work were far 
away from the normal motor speeds. They were either much higher than the normal motor 
speed, which is the case for test unit #1. or much lower than the normal motor speed, 
which is the case for test unit #2. Thus, they did not cause the vibration problems in the 
investigated air-conditioning units. They were not measurable in the test conditions in 
this work.
To predict the resonance speeds corresponding to both forward and backward 
rocking and swaying modes by the analytical models, simply set the rotating speed, £2. of 
the motor equal to the whirling speed, to. of the fan impeller in the models. For model 1. 
12 = to will give all the resonance speeds corresponding to both the forward and backward 
rocking and swaying modes simultaneously. For model 2. because of the way the problem 
was setup. £2 = to will give only the resonance speeds corresponding to the forward 
rocking and swaying modes. By setting £2 = -to, the resonance speeds corresponding to 
the backward rocking and swaying modes will be obtained.
6.2.2.1 Test unit #1 on the four-leg frame
Table d summaries the resonance speeds measured from peak hold tests and 
predicted by the analytical models for test unit #1 on the four-leg frame.
1 0 4
Table 9: The resonance speeds of test unit #1 on the four-leg frame
Resonances! RPM) t; - b w fe - FW f/ f -B W\ y f -F W\ y
1/4 HP motor and 
circular disk
Model 1 612.0 834.0 824.0 1134.0 1416.0
Model 2 534.0 900.0 824.0 1116.0 2022.0
Peak-Hold 605.0 861.0 821.0 1078.0 N/A
Coast
Down 612.0
857.0 811.0 N/A N/A
1/4 HP motor and 
No.60799501 fan 
impeller
Model 1 618.0 840.0 827.0 1134.0 1404.0
Model 2 540.0 900.0 827.0 1122.0 1848.0
Peak-Hold 616.0 884.0 824.0 N/A N/A
1/3 HP motor and 
No.60843301 fan 
impeller
Model 1 582.0 762.0 767.0 1122.0 1350.0
Model 2 504.0 780.0 767.0 1098.0 1404.0
Peak-Hold 570.0 748.0 811.0 N/A N/A
Figure 6-17 gives the peak hold spectrum measurement of test unit #1 with 1/4 HP 
motor and No. 60799501 fan impeller on the four-leg frame. Three resonance speeds 
were measured. The resonance speed at 616 RPM corresponds to the backward rocking 
mode, which was excited by aerodynamic force of the fan impeller. The resonance speed 
at 824 RPM corresponds to the translational mode in the z direction. The resonance speed 
at 884 RPM corresponds to the forward rocking mode, which was excited bv the fan 
impeller unbalance. Figures 6-18 and 6-19 give the FFT spectrum at the specific speeds 
for locating the starting and ending speeds in the peak hold spectrum measurement.
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Figure 6-17: The peak hold spectrum for test unit #1 on four-leg frame with 1/4 HP motor
and No. 60795501 fan impeller, speed scan range: 440 - 1000 RPM
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Figure 6-18: The FFT spectrum for test unit #1 on four-leg frame with 1/4 HP motor and
No. 60795501 fan impeller at speed of 490 RPM
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Figure 9-19: The FFT spectrum lor test unit #1 on four-leg frame with 1/4 HP motor and
No. (->0795501 Ian impeller at speed of 1000 RPM
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6.2.2.2 Test unit #1 on the case
Table 10 summaries the resonance speeds measured from peak hold tests and 
predicted by the analytical models for test unit #1 the case.
Figure 6-20 gives the peak hold spectrum measurement of test unit #1 with 1/4 HP 
motor and No. 60799501 fan impeller on the case. Four resonance speeds were measured. 
The resonance speed at 634 RPM corresponds to the backward rocking mode, which was 
excited by aerodynamic force of the fan impeller. The resonance speed at 776 RPM is an 
unknown system resonance. The resonance speed at 934 RPM corresponds to the 
translational mode in the z direction. The resonance speed at 956 RPM corresponds to the 
forward rocking mode, which was excited by the fan impeller unbalance. Figures 6-21 
and 6-22 give the FFT spectrum at the specific speeds for locating the starting and ending
Table 10: The resonance speeds of test unit #1 on the case
Resonancest RPM) ffl - BW fn'  FW f. f -B W\\ f -F W\Y
1 /4 PIP motor and 
circular disk
Model 1 654.0 900.0 901.0 1164.0 1446.0
Model 2 564.0 966.0 901.0 1242.0 1938.0
Peak-Hold 641.0 940.0 891.0 N/A N/A
1 /4 HP motor and 
No.60799501 fan 
impeller
Model 1 660.0 906.0 904.0 1 164.0 1434.0
Model 2 570.0 966.0 904.0 1242.0 1800.0
Peak-Hold 634.0 956.0 934.0 N/A N/A
1 /3 HP motor and 
No.60843301 fan 
impeller
Model 1 624.0 828.0 838.0 1 146.0 1392.0
Model 2 528.0 846.0 838.0 1224.0 142S.0
Peak-Hold 589.0 772.0 N/A N/A N/A
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Figure 6-20: The peak hold spectrum lor test unit ~1 on case with 1/4 HP motor and
No. 60795501 fan impeller, speed scan range: 570 - 1000 RPM
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Figure 6-21: The FFT spectrum lor test unit #1 on case with 1/4 HP motor and No. 
60795501 fan impeller at speed o f  570 RPM
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speeds in the peak hold spectrum measurement.
6.3.3 Test unit #2 on the case
Table 11 summaries the resonance speeds measured from peak hold tests and 
predicted by the analytical models for test unit #2 on case.
Figure 6-23 gives the peak hold spectrum of test unit #2 with No. 203020-A fan 
impeller on the case. The peak at 1105 RPM corresponds to the normal working speed of
Table 11: The resonance speeds of test unit #2 on the case
Resonances! RPM ) f0 - BW f„ - FW f/ f - BW\\ f - FW\S
No.LAO 1RA025A 
fan impeller
Model 1 846.0 1212.0 608.0 378.0 378.0
Model 2 678.0 1158.0 608.0 378.0 378.0
Peak-Hold 823.0 1237.0 N/A N/A N/A
No. 203020-A fan 
impeller
Model 1 840.0 1206.0 608.0 378.0 378.0
Model 2 678.0 1 158.0 608.0 378.0 378.0
Peak-Hold 804.0 1208.0 N/A N/A N/A
No. 203020-C tan 
impeller
Model 1 846.0 1212.0 608.0 378.0 378.0
Model 2 678.0 1158.0 608.0 378.0 378.0
Peak-Hold 825.0 1236.0 N/A N/A N/A
No. 203020-E fan 
impeller
Model 1 846.0 1212.0 608.0 378.0 378.0
Model 2 678.0 1 158.0 608.0 378.0 378.0
Peak-Hold 803.0 1222.0 N/A N/A N/A
the motor. Two resonance speeds were measured in this case. The resonance speed at 804 
RPM corresponds to the backward rocking mode, which was excited by aerodynamic 
force of the fan impeller. The resonance speed at 1208 RPM corresponds to the forward 
rocking mode, which was excited by the fan impeller unbalance. Figures 6-24 and 6-25 
give the FFT spectrum at the specific speeds for locating the starting and ending speeds in 
the peak hold spectrum measurement.
In the peak hold tests of test unit #2. the fan impellers with different projected 
width and different unbalance were used to study the effect of these parameters on the 
vibrations of the unit. As long as the fan impeller had same values of the mass moment of 
inertia both about their rotating axis and about one of its diameter, the resonance speeds 
at forward and backward rocking modes did not change with the projected width and the 
unbalance, as shown in Figures 6-26(a) and 6-27(a). But these two parameters did affect 
the vibration amplitudes of the unit, as shown in Figures 6-26(b) and 6-27(b).
6.2.3 The coast down test
The other type of rotating test was conducted in this work to verify the resonance 
speeds corresponding to the forward and backward rocking modes, which was coast down 
test. The coast down tests were conducted by running the motor at a specific speed, which 
was decided similarly to the highest speed in the peak hold test. Then the power was cut 
off. The time waveforms of the speed signal of the rotating circular disk/fan impeller 
from a photo sensor and the acceleration signal from an accelerometer were recorded 
from the moment of power being cut off until the circular disk/fan impeller and motor 
stopped rotating. Any resonance speeds, which occur during the coast down, will be 
recorded in the vibration signals.
To ensure that signal recording was started at the moment of power being cut off. 
a simple external trigger signal generator was used in the test. Figure 6-28 shows the 
principle layout of the external trigger signal generator. It consists of a normally closed
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Figure fa-23: The peak hold spectrum lor test unit #2 on case with No. 203020-A fan
impeller, speed scan range: 703 - 1303 RPM
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Figure 6-24: The FFT spectrum for test unit #2 on case with No. 203020-A fan impeller 
at speed of 705 RPM
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Figure 6-25: The FFT spectrum for test unit #2 on case with No. 203020-A fan
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Figure 6-26: The effect of fan blade projected width on the forward and backward modes 
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Figure 6-28: The principle layout of the external trigger signal generator
contact relay and trigger signal circuit. The relay is connected to the motor power. When 
the motor power is on. the relay opened and the voltage output by the trigger signal circuit 
is low (zero). When the motor power is cut off. the relay returns to the normal closed 
contact and the voltage output by the trigger signal circuit is high (3 Volts). Thus, at the 
moment of power being cut off, there is a low to high signal output by trigger signal 
circuit. This low to high signal triggers the start of signal recording.
The coast down test was only done for test unit #1 supported on the four leg
frame.
Figure 6-29 to Figure 6-31 are the coast down test of test unit #1 on four leg frame 
with 1/4 HP motor and circular disk. The cutting off speed was 1060 RPM and the 
recording time was 20 seconds. Figure 6-29 shows the entire coast down records. It was 
clearly seen that there were two resonances that occurred during the coast down. One was 
around 10 second. Another was around 13 second. Figure 6-30 shows the zoom display of 
the coast down test between 9 to 1 1 seconds. The period of the acceleration signal was 
analyzed. The period of the resonance which occurred during that period was equal to
0.07 second, which corresponded to 857 RPM and was caused by the forward rocking 
mode. Figure 6-31 shows the zoom display of the coast down test between 12 to 14 
seconds. The period of the resonance which occurred during this period was 0.074 
second, which corresponded to 81 1 RPM and was caused by the translational mode in the
z direction.
Figures 6-32 and 6-33 are the coast down test of same test setup with cutting off 
speed of 750 RPM and recording time of 18 seconds. One resonance occurred. The period 
of the resonance was 0.098 second, which corresponded to 612 RPM and was caused by 
the backward rocking mode, as shown in Figure 6-33.
Figure 6-34 is the coast down test of test unit #1 on four leg frame with 1/4 HP 
motor and No. 60799501 fan impeller. The cutting off speed was 1010 RPM and the 
recording time was 4 seconds. There were some resonances that occurred during the coast 
down. Because of the effect of the aerodynamic force of the fan impeller, the coast down 
of the fan impeller was much faster than that of a circular disk. In general, the coast down 
tests with the fan impellers would not provide much useful information.
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Figure 6-29: The coast down test of test unit #1 on four-leg frame with 1/4 HP motor and
circular disk, cutting off at 1060 RPM. 20 second record
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Figure 6-30: The coast down test of test unit #1 on four-leg frame with 1/4 HP motor and
circular disk, cutting off at 1060 RPM. 9 - 1 1  second zoom record
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Figure 6-31: The coast down test of test unit #1 on four-leg frame with 1/4 HP motor
and circular disk, cutting off at 1060 RPM. 1 2 - 1 4  second zoom record
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Figure 6-32: The coast down test of test unit #1 on four-leg frame with 1/4 HP motor and 
circular disk, cutting off at 750 RPM. 18 second record
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Figure 6-33: The coast down test of test unit #1 on four-leg frame with 1/4 HP motor and 
circular disk, cutting off at 750 RPM. 9 - 1 1  second zoom record
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CHAPTER 7
CONCLUSIONS
Based on both the analytical and experimental works on the vibration modes 
associated with fan impeller, motor and motor mount system that are excited by fan 
impeller unbalance, taking into account the gyroscopic effect of the rotating fan impeller, 
the following conclusions were obtained for test units #1 and #2:
(1) The test procedures, both non-rotating tests and rotating tests, developed in 
this project can be used to identify and qualify the vibration modes associated with the 
fan impeller, motor and motor mount systems in the investigated air-conditioning units.
(2) The gyroscopic effect of the rotating fan impeller do have significant effects 
on both the rocking modes and the swaying modes in the investigated air-conditioning 
units. This gyroscopic effect forces the resonance frequencies associated with the two 
non-rotating rocking modes and two non-rotating swaying modes to separate as the 
rotating speed is increased.
(3) The three dimensional analytical models, in which the gyroscopic effect of the 
rotating fan impeller was included, show that one of the non-rotating modes will increase 
in frequency, which is called the forward mode, and the other will decrease in frequency, 
which is called backward mode. The rotating mobility tests proved that the forward 
modes and the backward modes happened simultaneously in the investigated air-
conditioning units.
(4) The forward modes can be excited by the fan impeller unbalance and it is a 
resonance phenomenon. The forward rocking modes caused the vibration problems in the 
two test units. The backward modes can not be excited by the fan impeller unbalance. 
They are only important when the aeroelastic stability is considered based on the studies 
in NASA and Lockheed. In the peak hold spectrum tests conducted in this project, both 
the forward and backward rocking modes were measured in test units #1 and #2.
(5) Both classical approach, in which the gyroscopic effect of the rotating fan 
impeller was treated as the additional external moments and their virtual work was 
included in the system equations, and the energy approach, in which the gyroscopic effect 
of the rotating fan impeller was treated as an additional kinetic energy and was included 
in the system equations, were used to develop the three dimensional models. Model 1 
from classical approach and model 2 from energy approach gave very good predictions 
both for the forward and backward modes. The calculated results from model 1 and 
model 2 matched very well with the experimental data from the rotating mobility tests.
(6) A circular disk was needed to conduct the coast down tests, which gave the 
same information as the peak hold tests.
(7) The analytical model parameter estimation techniques used in this project gave 
fairly good results.
APPENDIX A 
THE MEASURES STATIC STIFFNESS 
OF TEST UNIT #1 ON CASE
In this Appendix, the static stiffness measurement data of test unit #1 on case are 
presented.
Tables 12 and 13 give the measured data for static stiffness in x direction. Kx. In 
Table 12. the force was applied at point 3 and displacement was measured at point 1, as 
shown in Figure 2-1. In Table 13. the force was applied at point 1 and displacement was 
measured at point 3. The average static stiffness in the x direction was calculated by:
The average static stiffness in the x direction was K = 2526.00 lbf/in = 442,000.00 N/m.*- \
Tables 14 and 15 give the measured data for static stiffness in y direction. K . In 
Table 14. the force was applied at point 4 and displacement was measured at point 2. as 
shown in Figure 2-1. In Table 15. the force was applied at point 2 and displacement was 
measured at point 4. The average static stiffness in the x direction was calculated by:
K  '+ K  "
K, = — ^ ------ (B-2)
The average static stiffness in the y direction was = 2824.00 lbf/in = 494.000.00 N/m.
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Table 12: The static stiffness measurement data in the x direction. K , for test\
unit #1 on case, force at point 3 and displacement at point 1
Force (lbf) 10 15 20 25
Displacement 
(1/1000 in)
4.0 6.0 8.3 10.9
3.9 6.0 8.0 10.5
4.0 6.0 8.1 10.3
4.0 5.8 7.9 10.3
Average
Displacement
3.975 5.950 8.075 10.500
Stiffness (lbf/in) 2516.00 2521.00 2477.00 2381.00
Average 
Stiffness (lbf/in)
K' = 2474 .00
Table 13: The static stiffness measurement data in the x direction. K , for test\’
unit #1 on case, force at point 1 and displacement at point 3
Force (lbf) 10 15 20 25
4.0 5.9 7.1 10.1
Displacement 3.9 5.9 7.9 10.4
(1/1000 in) 4.0 5.4 7.5 9.5
3.8 5.8 7.7 10.0
Average
Displacement 3.925 5.750 7.550 10.000
Stiffness i lbf/in) 2548.00 2609.00 2649.00 250().(X)
Average 
Stiffness i lbf/in)
K \  = 2577.00
13!
Table 14: The static stiffness measurement data in the y direction. K%. for test
unit #1 on case, force at point 4 and displacement at point 2
Force (lbf) 10 15 20 25
4.0 5.9 7.6 10.0
Displacement 3.9 5.5 7.2 9.2
(1/1000 in) 3.9 5.2 7.0 9.0
3.9 5.9 7.9 10.0
Average
Displacement
3.925 5.625 7.425 9.550
Stiffness (lbf/in) 2548.00 2667.00 2694.00 2618.00
Average 
Stiffness (lbf/in)
K\  = 2632.00
Table 15: The static stiffness measurement data in the v direction. K . for test
\
unit #1 on case, force at point 2 and displacement at point 4
Force (lbf) 10 15 20 25
Displacement 
(1/1000 in)
3.0 4.9 6.3 8.5
3.2 5.0 6.7 8.7
3.1 4.9 6.8 8.9
3.2 5.0 7.0 9.0
Average
Displacement 3.125 4.950 6.700 8.775
Stiffness t lbf/in) 3200.00 3030.00 2985.00 2849.00
Average 
Stiffness (lbf/in) K'\ = 3016.00
APPENDIX B 
THE MEASURED STIFFNESS OF 
TEST UNIT #1 ON FOUR LEG FRAME
In this Appendix, the static stiffness measurement data of test unit #1 on four leg 
frame are presented.
Tables 16 eives the measured data for static stiffness in x direction. K . In Table 
16, the force was applied at point 1 and displacement was measured at point 3, as shown 
in Figure 5-1. The average static stiffness in the x direction was calculated by:
K t = A y (C-l)
The average static stiffness in the x direction was Kx = 1732.00 lbf/in = 303,000.00 N/m.
Tables 17 and 18 give the measured data for static stiffness in y direction. Kv. In 
Table 17, the force was applied at point 4 and displacement was measured at point 2, as 
shown in Figure 5-1. In Table 18. the force was applied at point 2 and displacement was 
measured at point 4. The average static stiffness in the x direction was calculated by:
K, '+ K "
K, = ,  ~  (C-2)
The averaae static stiffness in the v direction was K = 2824.00 lbf/in = 494,000.00 N/m.
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Table 16: The static stiffness measurement data in the x direction. Kv. for test unit #1 
on four leg frame, force at point 1 and displacement at point 3
Force (lbf) 10 15 20 25
5.5 9.0 11.5 14.5
Displacement 5.5 8.5 11.5 14.5
(1/1000 in) 5.5 8.5 11.5 15.0
6.0 9.0 11.5 15.0
Average
Displacement
5.625 8.750 11.500 14.750
Stiffness (Ibf/in) 1778.00 1714.00 1739.00 1695.00
Average 
Stiffness (lbf/in)
K’ = 1\ 732.00
Table 17: The static stiffness measurement data in the y direction, Ky, for test unit #1 
on four leg frame, force at point 4 and displacement at point 2
Force (lbf) 10 15 20 25
Displacement 
(1/1000 in)
5.0 8.5 11.0 14.0
5.0 8.0 11.0 13.0
5.0 7.5 11.0 13.5
5.0 8.0 11.0 13.5
Average
Displacement 5.000 8.000 11.000 13.500
Stiffness (lbf/in) 2000.00 1875.00 1818.00 1852.00
Average 
Stiffness tlbf/in) IC = 1886.00\
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Table 18: The static stiffness measurement data in the v direction. K . for test unit #1v
on four leg frame, force at point 2 and displacement at point 4
Force (lbf) 10 15 20 25
Displacement 
(1/1000 in)
6.0 9.1 12.1 15.3
5.3 8.2 11.2 15.0
5.9 8.9 11.9 15.3
5.9 9.0 12.1 15.3
Average
Displacement
5.775 8.800 11.825 15.225
Stiffness (lbf/in) 1731.00 1705.00 1691.00 1642.00
Average 
Stiffness (lbf/in)
K" = 1963.00
V
APPENDIX C
THE MATLAB PROGRAMS
In this appendix, the Matlab programs used in this thesis are presented. These 
programs were used to solve standard and non-standard eigenvalue problems given in the 
three dimension non-rotational model and the three dimension rotational models.
In the Matlab program, the system response, which are mobilities in the xz and yz 
planes and the mobility in the z direction, are plotted and the frequency data and mobility 
data are saved in an user named text file, for example: "datafile.dat". To locate the 
resonance frequencies of the system, this user named text file must be checked by using a 
text editor, for example: DOS Editor. At any resonance frequency, the mobility will have 
maximum amplitude.
For the non-rotational case, because that motions in the xz plane and motions in 
the yz plane are uncoupled from each other, both mobility data from the xz and yz planes 
must be checked separately to obtain the rocking modes and swaying modes in different 
planes.
For the rotating case, motions in the xz plane and motions in the yz plane are 
coupled from each other. Only the mobility data from the xz or yz planes needs to be 
checked to obtain the both forward and backward rocking modes and swaying modes.
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D .l The M atlab program tor m odel 1
In the three dimension rotational model I. which was developed in Section 3.2. 
the forward and backward modes are given simultaneously by the model. To obtain the 
forward and backward modes at different speed, the parameter "Speed" in the program 
must be changed in each calculation.
The followings are Matlab program.
clc. clg, clear
7c This is Matlab file for calculating the frequency response function (FRF) of five 
degree
7c of freedom system of test unit #1 and #2 including the gyroscopic effect of the rotating 
7c fan impeller.
* *  *:{: :f: *  :|: *  *  :f:* *  *  *  * *  * *  *  *  *  * *  *  * *  * * *  *  * * * * * * * *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *
disp(‘This is test unit #1 with 1/4 HP motor & 60799501 fan on four-leg frame') 
d isp(‘including gyroscopic effect of the rotating fan impeller')
7c Input the system parameters (in SI units)
7r.............................................................. -................... .....................................................
7c Mass in Kg: M3 - Motor: M4 - Fan; Mx. My & Mz - Equivalent masses in the 
7c x, y, z directions;
M3 = 5.9; M4 = 1.45: M x = 1 8 .1 :  M y = 1 7 .6 :  Mz = 2.03;
7c Mass Moment of Inertia in Kg-m:: 13 - Motor; 14 - Fan: la - Fan Impeller along the 
ac rotating axis: Ix & Iy - Equivalent mass moment of inertia in xz and yz planes:
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13 = 0.0138; 14 = 0.0205; la = 0.0378; Ix = 0.00927; Iy = 0.00858;
%  -
%
7c Mass Center to Unit Top in meter: L3 - Motor; L4 - Fan; 
L3 = 0.059; L4 = 0.14;
%----------------------------------------------------------------------------------
ac Equivalent Translational Stiffness of System in N/m: Kx. Ky & Kz 
Kx = 303000.0; Ky = 313000.0; Kz = 70000.0;
7c- - -- - - - - -- - - - - -- - - - -- - - - - -- - - - - -- - - - -- - - - - -- - - - - -- - - - ------ -- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
To
%--------------------------------------------------------------------------------------------------------------------------
7c Equivalent Rocking Stiffness of System in N-m: Kqx and Kqy 
Kqx = 546.0; Kqy = 601.0;
%--------------------------------------------------------------------------------------------------------------------------
7c End of input system parameters.
7c Mass Matrix of system [ M ] ----------------------------------------------------------------------------------
M( 1,1 )=Mx+M3+M4; M( 1.2)=M3*L3+M4*L4: M(1.3)=0: M(1.4)=0; M (l,5)=0;
M (2,1 )=M3*L3+M4:|:L4; M(2.2)=Ix+I3+I4+M3*L3A2+M 4*L4A2; M(2,3)=0;
M(2,4)=0; M(2,5)=0;
M (3,l)=0; M(3,2)=0; M(3.3)=My+M3+M4; M(3,4)=M3:|:L3+M4*L4; M(3,5)=0;
M (4 .1 )=0; M(4,2)=0; M(4.3)=M3*L3+M4*L4; M(4,4)=ly+13+I4+M3*L3A2+M 4*L4A2; 
M(4.5)=0;
M (5 .1 )=0; M(5,2)=0; M(5.3)=0; M(5.4)=0; M(5,5)=Mz+M3+M4;
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Hr- Non-Rotational Stiffness Matrix of system [K]
K (l.l)= K x: K< 1,21=0 : Kfl.3)=0 : Kf 1,4)=0 : K( I.5)=0 :
K(2.1)=0 ; K.(2,2)=Kqx; K(2,3)=0 : K(2.4)=0 : K(2.5)=0 :
K (3 ,l)= 0 ; K(3,2)=0 : K(3.3)=Ky. K(3,4)=0 : K(3.5')=0 ;
K (4,1 )=0 ; K(4,2)=0 ; K(4,3)=0 : K(4,4)=Kqy; K(4.5)=0 ;
K (5 ,l)= 0 : K(5,2)=0 ; K(5,3)=0 : K(5,4)=0 : K(5.5)=Kz;
% ------------------------------------------------------------------------------------
Itx = Ix+I3+I4+M3*L3A2+M4*L4A2:
Ity = Ix+I3+I4+M3:|:L3A2+M4*L4A2; 
jj = sqrt(-l);
Speed = 900.0 % Rotating Speed of the fan impeller in RPM.
SS=Speed*2*pi/60; % Speed = 0 gives the non-rotating case;
% Prepare data for ploting the Dynamic Compliance. Mobility and Accelerance; 
df = 0.1; 7c frequency resolution in Hz;
ffinal = 50.0; 
for i = 1 :(ffinal/df-9) 
f(i) = (i+9)*df; 
w = 2*pi*f(i);
% Dynamic Stiffness Matrix [Kd]
a. frequency range in Hz
7c frequency range
7c angular frequency
Kd( 1,1 )=K( 1.1 )-wA2*M( 1,1) 
Kd( 1,3)=K( 1,3)-wA2*M( 1.3) 
Kd( 1,5)=K( 1,5 )-wA2*M( 1,5) 
Kd(2,1 )=K(2.1 )-wA2*M (2.1) 
Kd(2.3)=K(2,3)-wA2*M(2,3) 
Kd(2.5)=K(2.5)-wA2*M(2.5) 
Kd(3.1)=K (3.n-wA2:i:M (3 .n
Kd( 1,2)=K( 1.2)-wA2*M( 1.2);
Kd( 1,4)=K( 1,4)-wA2*M( 1,4);
Kd(2.2)=K(2.2)-\vA2*M(2.2);
Kd(2.4)=K(2.4)-vvA2 :!:M(2.4)+(Ia:|:SS :|:w)*jj;
Kd(3.2i=K(3.2)-wA2*M(3.2V.
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Kd(3.3)=K(3,3)-wA2*M(3,3); Kd(3.4)=K(3,4)-wA2*M(3.4):
Kd(3.5 )=K(3.5)-wA2*M(3.5);
Kd(4.1 )=K(4.1 )-wA2*M (4.1); Kd(4.2)=Kf4.2)-wA2*M(4.2)-(Ia*SS*w)*jj; 
Kd(4.3 )=K(4,3)-wA2*M(4.3); Kd(4.4)=K(4,4)-wA2*M(4,4);
Kd(4.5 l=K(4,5)-wA2*M(4.5);
Kd(5.1 )=K(5,1 )-wA2*M (5.1); Kd(5.2)=K(5,2)-wA2*M(5,2); 
Kd(5.3)=K(5,3)-wA2*M(5.3); Kd(5.4)=K(5,4)-wA2*M(5,4>: 
Kd(5.5)=K(5,5)-wA2*M(5.5);
ac Dynamic Compliance Matrix [DC]
DC = inv(Kd);
Cxz(i) = abs(DC(2.2));
Mxz(i) = w*Cxz(i);
Cyz(i) = abs(DC(4.4));
Myz(i) = w*Cyz(i):
Cz(i) = abs(DC(5,5));
Mzli) = w*Cz(i); 
out(i.l) = f(i); 
out(i,2) = Mxz(i); 
out(i,3) = Myz(i); 
out(i,4) = Mz(i); 
end 
c’c
ac Write the rotating speed, frequency and mobility data to a text file « d a t a f i l e .d a t » .  
ac user can change this l'text file name with his own name, 
save datafile.dat Speed out /ascii:
r< Plot the mobility of the system in the xz and yz planes and in the z direction.
% Compliance in xz plane 
% Mobility in xz plane 
% Compliance in yz plane 
% Mobility in yz plane 
% Compliance in z direction 
% Mobility in z direction
7c Save frequency data and mobility data to array OUT
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loglog(f, Mxz. f, Myz, ‘— f. Mz.
title(‘ The mobility plot of the system in the xz and yz planes and in the z direction').
x labe lf  Frequency (Hz)-), ylabelt‘Mobility m/s*N’),
pause
quit
D.2 The M atlab program for m odel 2
In the three dimension rotational model 2 developed in Section 3.3. to calculate 
the forward modes, the parameter "Speed" in the Matlab file must be positive. For a given 
"Speed", the system will give four peaks (the system response in the z direction is not 
affected by rotational fan impeller, this peak is unchanged and not included). Among 
these four peaks, there will be two peaks which are not changed with the changes of 
"Speed". They are not the modes of interest. The other two peaks will increase in 
frequency smoothly with the increases of "Speed". These two peaks correspond to the 
forward rocking mode and forward swaying mode. Because that the motions in the xz 
plane and motions in the yz plane are coupled from each other, the mobility in the xz 
plane and mobility in the yz plane will give same peaks.
To calculate the backward modes, the parameter "Speed" in the Matlab file must 
be negative. For a given "Speed", the system will give four peaks (the system response in 
the z direction is not affected by rotational fan impeller, this peak is unchanged and not 
included). Among these four peaks, there will be two peaks which will decrease in 
frequency with increases of "-Speed" sharply. They are not the modes of interest. The 
other two peaks will decrease in frequency smoothly with the increases of "-Speed". 
These two peaks correspond to the backward rocking mode and backward swaying mode.
The difference between the Matlab programs for model 1 and model 2 is that they 
have different Dynamic Stiffness Matrix. Followings are different part of Matlab program 
used by model 2.
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Speed = 900.0 
SS=Speed;|:2*pi/60; 
if abs(Speed) > 0.0 
As = 1.0; 
else
As = 0.0;
% Rotating Speed of the fan impeller in RPM.
% Speed = 0 gives the non-rotating case;
% If capital Omiga is not equal zero, small Omiga 
% is not equal zero too.
% If capital Omiga is equal to zero, small Omiga 
% is equal zero too.
end;
% Prepare data for ploting the Dynamic Compliance. Mobility and Accelerance; 
df = 0.1; % frequency resolution in Hz;
l'final = 50.0; 7o frequency range in Hz
for i = 1 :(ffinal/df-9) % frequency range
f(i) = (i+9)*df;
w = 2*pi*f(i); % angular frequency
% Dynamic Stiffness Matrix [K d ] ----------------------------------------------------------- —
Kd( 1 . 1 )=K( 1, 1 )-wA2*M( 1 . 1 )  
Kd( 1.3)=K( 1,3)-wA2*M( 1.3) 
Kd( 1,5)=K( 1 ,5)-wA2*M( 1.5) 
Kd(2,1 )=K(2.1 )-wA2*M (2.1) 
Kd(2,3)=K(2.3)-wA2*M(2.3) 
Kd(2,5)=K(2.5)-wA2*M(2.5) 
Kd(3,1 )=K(3,1 )-wA2*M (3 .1) 
Kd(3.3)=K(3,3)-wA2*M(3.3) 
Kd(3.5)=K(3.5)-wA2*M(3.5) 
Kd(4,1 )=K(4,1 )-wA2*M (4 .1) 
Kd(4.3)=K(4.3)-wA2*M(4.3) 
Kd(4.5)=K(4.5)-wA2*M(4.5)
Kd( 1,2)=K( 1,2)-wA2*M( 1,2);
Kd( 1,4)=K( 1,4)-wA2*M( 1,4);
Kd(2.2)=K(2,2)+Ia:i:SS*\v+As:|:(Ia-Itx)*\vA2-wA2:1:M(2,2);
Kd(2.4)=K(2.4)-t-Ia:|:SS:,:vv+As*Ia:|:wA2-wA2:|:Mf2,4);
Kd(3,2)=K(3,2)-wA2!,:M(3,2);
Kd(3,4)=K(3,4)-vvA2:|:M(3,4);
Kd(4,2)=K(4.2)+Ia:|:SS :|:\v+As:|:Ia:|:wA2-wA2;|:M(4,2);
Kd(4,4)=K(4.4)+Ia'i:SS:,:vv4-As:|:(la-ltv):i:\vA2-\vA2:|:M(4.4);
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Kd(5.1 )=K(5.1 )-wA2*M(5.1); Kd(5.2)=K(5.2)-wA2*M (5.2):
Kd(5.3)=K(5,3ywA2;|:M(5.3V, Kd(5.4)=K(5.4)-wA2*M(5.4r.
Kd(5,5)=K(5.5)-wA2*M(5.5);
%---------------------------------------------------------------------------------------------------------------------------
D.3 The M atiab program  for model 3
All the discussions for model 2 are applicable for model 3. The difference 
between the Matlab programs for model 2 and model 3 is the different Dynamic Stiffness 
Matrix. Followings are different part of Matlab program used by model 3.
7c Dynamic Stiffness Matrix [K d]-----------------------------------------------------------------------------
Kd( 1,1 )=K( 1,1 )-wA2*M( 1.1); Kdf 1.2)=K( 1,2)-wA2*M( 1.2);
Kd( 1,3)=K( 1,3)-wA2*M( 1.3); Kd( 1.4)=K( 1,4)-wA2*M( 1.4);
Kd( 1,5)=K( 1,5)-wA2:|:M( 1,5);
Kd(2,l)=K(2.1)-wA2*M (2,l); Kd(2.2)=K(2,2)+Ia*SS*w+(Ia-Itx)*SSA2-wA2*M(2.2); 
Kd(2,3)=K(2.3)-wA2:|:M(2.3); Kd(2.4)=K(2,4)+Ia*SS*w+Ia*SSA2-wA2:!:M(2.4); 
Kd(2,5)=K(2,5)-wA2:|:M(2,5);
Kd(3,1 )=K f3,1 )-wA2*M (3,1); Kd(3.2)=K(3,2)-wA2*M(3.2);
Kd(3.3)=K(3.3)-wA2:|:M(3,3); Kd(3.4)=K(3,4)-wA2*M(3.4):
Kd(3.5)=K(3.5)-wA2:|:M(3,5);
Kd(4,1 )=K (4 .1 )-wA2*M (4.1); Kd(4.2)=K(4,2)+la*SS*\v+Ia*SSA2-wA2*M(4.2V.
Kd(4,3)=K(4.3)-wA2:|:M(4.3); Kd(4.4)=K(4.4)+Ia:|:SS i!4v+( la-lty):,:SSA2-wA2:|:M(4.4); 
Kd(4,5)=K(4,5)-wA2:i:M(4,5);
Kd(5,l)=K(5.1)-wA2:|:M (5 ,1); Kd(5.2)=K(5.2)-wA2*M(5.2):
Kd(5.3)=K(5,3)-wA2*M(5,3): Kd(5.4)=K(5.4)-wA2;':M(5.4):
Kd(5.5)=K(5.5 )-wA2:|:M(5.5);
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